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PREFACE 


OST of the Treatiſes of Pherical TH: 

gonometry, that have been hitherto 
publiſhed, contain only directions for ſolving 
ſpherical Triangles / Logarithmically } by pro- 
portions; and none, that I know of, hath 
united the different ſolutions whereof Pro- 
blems in this part of the Mathematics are 
ſuſceptible. —— Now, with a very little at- 
tention to the nature of the ſubject, it will 
appear that the ſolutions may be of three 
kinds, viz. 1*, ſuch as reſpect Analogies (of 


which kind are thoſe given in all the com- 
mon Treatiſes of ſpherical Trigonometry); 


29, ſuch as are obtained by the ſcale and 
; compaſs from Projedtions or Geometrical Con- 
ftructions, and 3*, ſuch as are deduced from 
projections by the application of. Algebra ; 
all which will be treated of at large in the 
following Work. ; 
In the firſt Chapter I hive laid down the - 
definitions and fundamental principles of 
ines, 095 mes, tangents, cotangents, &c. in a 
great variety of particular formulæ, as well! 
as infinite ſeries. I have likewiſe inſerted a 
ſhort Theory upon the true nature of Imagi- 
naries (ſince they have been frequently uſed 
in 
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in ſeries relative to the different powers of 
 ſnes and cones of multiple arcs), and, from 
an attempt to diſcover the Factors of the bi- 


nomial aa + bb, have eaſily inferred, that 
theſe exprefſions are only figns of an abſurd 
ſuppoſition into which we neceſiarily fall, 
whenever we regard that as the product of 


two quantities which in reality is not. But, 
for what I have ſaid upon this head, 1 ac- 
knowledge myſelf indebted to the late inge- 
nious, and much regretted, Mr. Boiſelou. 


some may perhaps conſider this part of 


the Work as a diſplay of algebraical formulæ, 
entirely uſeleſs in a Treatiſe of Trigonome- 
6 3 however, from ſuch J ſhall take the li- 
berty of requeſting a ſuſpenſion of judgment, 
at leaſt till they have undertaken the ſtudy 


of the different works of calculation relative 


to the theory of Newton : for Aſtronomy is 
become ſo excellent and delicate a ſcience, 
that it is impoſſible to have too many helps 
for facilitating the calculations it requires, 
and perfecting the ſeveral parts upon which 
it depends; and for thoſe Gentlemen, who 


have no intention of ſtudying this ſubject 


thoroughly, a peruſal of the five or ſix firſt 


| Theorems may be ſufficient. 


In the ſecond Chapter I have demonſtrated . 


the principal properties of ſpherical trian- 


gles; ; premiſing, in the firſt of the four Sec- 
tions into which this Chapter is divided, the 
neceſſary des, S .— 1 he ſecond Sec- 


tion 


FNF ACE: vit 
tion treats of the reſolution of right-angled | 
ſpherical triangles ; and, as this part is of al- 
moſt perpetual | uſe, 1 have attempted to give 
it the greateſt ſimplicity whereof it can be 
ſuſceptible ; for every Theorem requires only 

a ſingle analogy for its demonſtration : and, 
to enable the memory ſtill more to retain the 
different ſolutions, I have added a demon- 
ſtration of the general Theorem of Neper, 
which reduces the ſixteen caſes of right- 
angled triangles to two, and requires only 
the bare enumeration of theſe caſes to be ve- 
rified.— The third Section contains the re- 
ſolution of all the caſes of oblique- angled 
ſpherical triangles. Herein I have inſerted a 
Theorem analogous to the Theorem of Neper 
for right-angled triangles, and the fame with 
that which Mr. Pringre hath given in the 


Memoirs of the Academy, except for a few tri- 


fling alterations, which I thought neceſſary 5 


to be made in order to render it ſomewhat 

more ſimple. I have likewiſe ſuperadded to 
the ſolutions already given, for the caſe f 

three ſides or three angles, ſeveral others 
which I take to be new; and which, when 
applied to right-lined triangles, furniſh us 
with ſolutions much more eaſy and compen=- 
dious than any to be met with 1 in common 
Treatiſes upon Trigonometry.——In the laſt 
Section complete demonſtrations of the fa- 
mous Analogies or Theorems of Neper (which 
have been conſiderably. mutilated and altered 
in 
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in the Courſe of Mr. Wolf are given; and 
ſuch as carry along with them ſeveral other 
Theorems equally general, whereof Mr. 
Simpſon hath ſpecified only particular caſes. 
To this Section I have annexed three Tables 
containing the ſubſtance of the whole Work, 
at leaſt as far as the more ordinary practice 
extends, and have expreſſed them in words 
inſtead of letters, that miſapprehenſions and 
miſtakes in calculations might be avoided as 
much as poſſible. The firſt Table is for the 
reſolutions of right-an gled ſpherical triangles, 
and the ſecond and third for thoſe of oblique- 
angled ones; but the laſt is, by means of 
the analogies of Neper, equally applicable to 
_ right-lined triangles, and may moreover have 
this advantage attending it; that, on account 
of the perfect reſemblance prevailin g between 
the ſolutions of fimilar caſes of theſe two 
kinds of triangles, a perion, previouſly ac- 
quainted with the proportions for plain tri- 
angles, may learn the principal parts of ſphe- _ 
rical Trigonometry in a quarter of an hour. 
—— As this Chapter contains all that is eſ- 


ſential and neceſſary to the reſolution of ſphe- 


rical triangles, they, who would make them 
ſelves maſters of this part of Trigonometry 
only, may paſs from hence immediately to 
the fixth Chapter, i in order to ſee the method 
of putting its formulæ into Logarithms. 
The third Chapter contains the Geome- 
tical or Graphical ſolutions of the different 
.caſcs . 


= — 


CCC 


caſes that had been before ſolved by analo- 


gies, I have, in preſerence to the reſt, made 
uſe of the orthographic projections, whereof 
Aftronemers ſuppoſe at every inſtant a com- 
plete theory : however, I- have ſaid ſome- 
thing upon the fereographic projections alſo, 
on account of the great and frequent uſe 
which is made of them i in Maps; and have, 
laſtly, ſubjoined a new ſolution eaſily appli- = 
cable to the {ſeveral caſes before ſpecified, 
and deduced from the expanſion of the parts | 
of the triangle under conſideration. ; 
The fourth Chapter contains an applica- 


tion of the Algebraical analyſis to the Geo- 


metrical conſtructions in the preceding Chap- 


ter. In this part it is that, by the help of 


2 calculation, the ſolutions for all particular 
27 caſes are (if I may be allowed the expreflion) 
23 exhauſted. Moſt of the analogies of the ſe- 
I cond Chapter are deduced from general caſes | 
in this by ſimple inferences : a variety of new 
formulæ is added to thoſe that had been be- 
fore given; and the apparent difference be- 
2 tween the ſynthetic and analytic ſolutions for 
the fame caſes perfectly reconciled. And, 
that nothing might be wanting, I have ſhewn ; 
the method of conſtructing the moſt compli- 
2 cated of the formulæ by the Logarithms : 
after which I have given the ſolutions of 
equations of the ſecond and third degree by 
the Tables of fines, &c. a thing that may 
| prove to be of the greateſt utility, "when com- 
; 5 menſurable 


* "PREFACE: 
menſurable roots cannot be obtained. The 
reſolutions of equations of the third degree 


were communicated to me by a gentleman 
already well known in the world by different 


works, and yet leſs eſtimable on account of 
his profound learning than the excellence of 


his character: to him I likewite owe the new 


ſolution of the Problem concerning the ſhort- 


_ eſt twilight, inſerted in the fifth Chapter, 


Which is little more than a Tranſlation of 
. that excellent Treatiſe of Mr. Cotes: © De 
1  eftimatione errorum in mixt Matheſi, con- 
taining an application of the modern analyſis = 
or the calculation of Fluxions * to both plain 
L an ſpherical Trigonometry. What relates 
to right-lined triangles I have deduced from 
1 he formulæ for ſpherical triangles, that I 
might render the Theory as ſimple as poſſi- 
ble, and abridge in ſome meaſure a Work 7 
that was already become much longer than F 
at firſt intended: and, in the laſt place, have 
ſufficiently clucidated this Theory by the 1 


application of it to different examples. 
In the ſixth Chapter I have ſhewn the me- 


thod of conſtructing by the Logarithms the 


8 
©. +, 
+£: 4 


for mulæ given in the ſecond SOAR ; and .F 
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In this Chin ihe Tranflator has i the bert of = © 
changing the Differenti, al method of confideration into the I 
F luxional, and alſo of ſupplying ſuch references and compa- 


riſons as appeared to him neceſſary 2 and conducive to the 3 


more ſpeedy comprehenſion of ſeveral ot its Parts. 
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this I have done in a ſelect collection of Aſtro- 
nomical Problems, through a perſuaſion that 
ſolutions derived from triangles having ſome 


particular denominations, could not but prove 


much more intereſting to Learners, than ſuch 
as were derived from triangles e : 


conſidered. 
The motive which firſt induced me to un- 5 


| derte the writing of this Treatiſe aroſe 


from hence: Having had occaſion to teach 


the Elements of Aſtronomy of the late Abbé 
De la Cailk, I found, upon a peruſal of the 
little Treatiſe of Trigonometry prefixed to 


that Work, a great number of formulæ with- 


cut demonſtrations, and therefore, well know- 
ing that Learners are generally deſirous of. 
a making themſelves perfect as they proceed 
in the ſtudy of Mathematical truths, thought 
that I ſhould do them no inconſiderable piece 

of ſervice in giving them all requiſite aſſiſt- 

_ ance in ſuch difficulties as few would other- 
wiſe be able to ſurpaſs. | How well I have 
7} ſucceeded in my deſign, as alſo in the exe- 
cution of the other Ss of the Work, I 
leave to the Public to determine: x RY, I 
2 ſhould it be found deſerving of their encou- _ 
| ragement, it ſhall be followed by another 


7 Treatiſe upon Dialling as its ſequel, 'Tis 


particularly in this part of the Mathematics 


| that ſpherical Trigonometry 1s advantageouſly 
2 applied: for rhe deſcriptions of Dials by 
* lines are not ſufficiently exact to deſerve any 


. „5 certain 
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certain confidence ; and there hath been yet 


no Treatiſe upon Dialling publiſhed (chat I 
know of) wherein the whole hath been per- 
formed by the calculation of ſpherical trian- 


gies, though ſuch method could not fail to 
prove of the utmoſt import ance in the prac- 
tice, as all the different hour- angles, which 
are uſually calculated by a ſeries of plain tri- 
angles, might be then determined without 


the leaſt relation to one another. 
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CHAP. 1. 


Containing the Definitions and chief Properties of the 

 feveral lines which are uſually confidered in Trigono- 
metry ; but particularly of ſuch as we fha!l have 
more frequent an to mention in the mane of this 
Work, nw 


DEFINITIONS. 


= Aux. . Right line M P, drawn from one TOTS 
5 1 end of an arc AM, or angle ACM, Fig. 1. 
perpendicularly to the radius which paſſerh Es 
through the other end thereof, 18 called the Sine of 95 
ſuch arc or angle. 5 
28. From this definition it 15 evident. that the 
right line LY the 1 ne Of the : arc BM, the 
com- 


2 ooo FIR ENLICA'L 
complement of the arc AM; but if this line be 
cenhdered with relation to the arc AM, it is called | 

: ts Cofine. 

2. 'A right line AT perpendicular to 8 nd ak 1 
yl a radius, and terminated by the radius produced 
10 which paſſeth through the other end M of an arc 

| A) N, is called the Joenpent of this are. 8 
ld 4. A right line Bz, which is the tazent of the 
= rc BM, the complement of AM, when conſider- 
7 : ed with relation to che Jag arc AM, 15 called its 
1 e Cl. oncent. s 

. — 5. The line interer pie between the centre - of 
'F the circle and the ſangent of an arch, is called the Se- 
1 cant of that arch: thus CT is the ſecan! of the aren 
1 AM, and Ct that ef the arch BM: but if the - 
4 5 cont Ct be confidered with relation to the arch _ 
1 AM, the complement of the arch BM whereunto 5 
ZZ belong 5, it will be called the Coſecant thereof. 
| ES That part cf the radius contained between 
I! the circumference and /ine of an arc, is called the 
_ Verjſed . ne of ſuch arc: thus AP is the verſed.ſins 

of the arc AM; B Q that of the are BM and aP 

and 4Q the ver/ed-fiues of the obtuſe angles ACM, 
eM. Ik the verſed-fine ZQ be conſidered as be- 
lovging to an arc Which is che complement of AM, 
with reſpect to the ſaid arch AM, it will be called 
1 the Cover ſed.ſine; and contra arily, AP will be the : 
Wl co vos, rfed-fre of the arch 5 . 


:COROL L AR v. 
7. From theſe Jefininions It follows, that two 
angles which are the ſupplements to each other, 
we the ſame Sire, coſiue, tangent, cotangent, ſecant, coſe- 
es, 1 cant, alid ve cdl. 208. It mult be obſerved however, 
— 0 that ihe Cbtuſe angle has f for its COMPIENNERL the - 
angle of its excels above 9oꝰ „ which angle being 
cvidencly the fame with that which 3 acute angle 
Wants of go, mutt of  COnfeqUence be re -garded as 


| negative. | | 
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g. In all the following arts of th is work we. 


ſhall denote the radius of the circle by Rory, unleſs 


ve ſuppoſe it equal to unity; which ought ſeldom 
to be done, that the homogeneity of tl the terms in 


the calculations may be pre! erved as much as pol- 
ſible. We ſhall allo denote the /e of an arch by 
In. its coſine by coſ. its tangeut by tang. its cotangent 
by cot. its ſccani by ſec. its coſecant by cofec. its , 4 


Ine by verſ-jin. and its cover ſed-fine by cover-ſin . but 
in the algebraical expreſſions we ſnall put the e ſine 


=F; cofine= Sc; tangent t; cetangcul r; feces W=8Sz: 


— Coſecant = = ex verſed: Ane =, and covirſed; 2 ne = th. 


THEOREM 1 


9. Let any arch of a circle, as A M, be 72 med, 


(obich we ſhall etways denote by * 8 wher ef PM 


is the fine, aud MQ the cofe ne; AT the. bangen, 5 
and Bt the colangent; and the cofine o Fo this arch will be 
to the ſine, as radius is to the tai gent; chat is, 25 A 


a fi in. A: R. Fang. A. 
DEMONSTRATION. 


The fimilar triangles CPM and CAT give cb 


1 


PM:: CA: AT; or, r, C A 1 a. A K tang. A. 


o 


QE. b. 

„ 1 . 

10. The triangles C QM, C Bt, being alſo ag 
lar, will give CQ: * : C B By: or, din {A cof 


A's R: cot, A. 


Son i II. 


ED Ne 


Sr 5 EY * 
| == 7 and 5 4 e "ts Ax 
: A at 4 fin. A Kc. Ac 
* * = 0g. * tang. A, an cofe £ AS . 
B 2 odo. 


3 A 
A. | CY al all | 


Fig. 1. 


It follows | from hence,” that. one A _ 


1 1 SPHERICAL 
| COROLLARY | 5 
Wil . Hence | e follows, that the cotangent 
M! of any number of arcs are always i in the inverſe ra- 
\ 188 tio cf the langem of theſe arcs; ſince we have evi- 
1 a 8 ; 
1 e | ; E SEED | Cc | 
| dently, . e <= in n ſhort, tang. A ; 
74 il | 5 1 * S | 
Will will be = „ or, tang. A X cot. A= RR; 
N VVV 
N whence we may perceive, that the radius is a mean 
1 . proportional berween the TOTO of an arch and 
Wil "thac of ity compte ent A ing which might Bho-- 
—_ Wiſe be call cdtemor abrted b by means of the fiml- 
| | lar triangles — 41 CBrt. 
0 . 5 Tu nl 0 
! = Eo: 13. ij the arch AM te fall e and We ſhall 1 8 
_ _— Pig. ah have this pi operlion; AS radius is to twice the ſine 
=_ 5 of the arch AM, Jo is the cofine of this arch to the 
_ ine 1 une tbe arch; or, which is the ſame, R:2 
In. Ar: ceſ. A: fin. 2A. or TO R. hos 


ram Aſn K. 3 


DEMONSTRATION. 
The right-angled triangles APC, AN, Waring 


| the angle at A common, Are ſimilar, and give AC 
CP: AN or 2 PA QN; that is to ſay, R: 
wf. A: 2 fn. A. fn. 2 A. Q. ED. 5 
Ik in like manner we would find an expreſſion | 
for the coſine of the wo arch; the ſimilar tri- 
angles CPA, CQO, will give CA: CP: CO: 1 
ys © oy from whence, (after PRang for CO its value 


drawn = 

* | f 8 1 eee 
Or THUS. | Since cot. A rs tang. . 1 cor. i — tang. B35 5 
. n 
therefore we ſhall So, Cet. A: c. B.: . * 


: tang. K tang. B | 
:: tang. B: tang, AA... oy 
Por AT: A: CB: By or. tor A: R. R. cot. 
943 Wherefore, ; Fong: A * cot, A + 


TRIGONOMETRY,. 5 
drawn from C. 8 2 or its equal PT 55 we 


2 RR. 
mall immediately get, CQ= N 


COROLLARY. 


14. It follows from hence, (vi. by WY. the pro- 
duct of the extremes and means in the proportion, = 
Ne A: : 2. fin. A: Jin. 2 A,) that, yen. 2 A 
oof: xn 


— ; and if in this equation we put 


BD _ Axes A for ch A we thall otherwiſe 12 l 3 in. 
Mn. Ac ot. A. 5 
1 R or, 4 ſim 2 A BY 8 by ſub- 


2 A? I 
_Kiruting | for the cotangent its value in the ae 


Turo III. 


16. 75 be radius is a mean proportionrl; 15. 155 Jet mern 


the coline of an arch and its ſecant; aud 2 . bee the. Fig. 3+ : 
"# ine of the ſame arch and its coſeca;it ;, 14 che. ken Te: 


we ſhall have theſe two analoges, „ 22 A't * 
e A, and Sin. A: R R: : Coſec. A. 


DEMONSTRATION. 


The ſimilar triangles CPM, CAT, and CBY 
” .CP:CA::CM: CT; or, Co. A Ris: 
R: fee. A; and 2%. PM: CM: CB: S or, 
Sin. A: R: A rojo "2% D. 


* That OP is = PT, may 5 very . ons: for 


by letting full the e e r PS, it will appear that 


ſince AP = = PN, therefore QS = SA, and con:cquently 
_OP=—=PT. This being granted, the value of CO will 
. be obtained as follows: vince the angle CAT is + oro 


5 BE: or OP will be equal = ESSE and 'S: O 


8 87 CA — * — RR A 20% A- RR. 


=” 7 Bs i | ſe A. 


Cokor- 


NR fer A 
Tr 
33 ; 


— | fee. 
Theorem equ uabto the quotient: 


the radius. 


6 SPHERICAL 


ConoLLany ; 


16. It follows from hence, that > & R= len. 
e coſec. A . 5 
A; for we have already ſeen in art. 11. that fang. 


1 „ anqht! lis quantity i is BY the preſent ' 


Cf. 


7 multiplied by 


Trees 


Cor OLLARY II. 
17. It moreover follo) ws from hence, that the 


Hnes of any two arcs A and B will be reciprocallß 


Proportional to the coſecants of thele arcs; and the 
2/15 to their 1 cants. For ſince, coſec. A 


RR. . 
ofec. B will allo be —=—— like wile, ſince 0 


KR 


En. Ps e : 


fee. A 1 we ſhall have ſec. B nd 


e an 


ns confequently theſe two analogies; Coſec. A: coſec. B: 5 


I RR. 


. Fr :: fin, B fin A; and, Sec. A: 8 8 


Fig. 3. 


Þ 
RR RR. 
. A 65 v2) 56%, B: of. A. 


85 . IV. 
18. Let the arch A M and its cor ler nent BM be 


divided into tævo q parts at the points K and k, and 


let the lines CK1, CkL, be draws till they meet the 


tangents AT end} t produced, as far as neceſſary, in 


12 1.3 and we ſhall by this means have, 19. Ses. 


5 A * = C0t. 2 C0. . A — targ. My and 20. Gl A= 85 
col. A col. > 5 


„ 


NY DEMONSTRATION. 1 
T he right- angled triangles C By and C AT: be- 5 


1 ing ſimilar, on account of t the parallels Boand CA, 


Will have the angles ALC, B Co, equal; but BCo 
is CM, by conſtruction; wherefore the triangle 


CTL | is alete and conſequently LT= =O Tx 


; e - 


” 
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but LT= -AL—AT; 7. L= cot. ® comp. AM, 
and AT = lang. AM; and therefore C 1 „Or Sec. 
 A= cel. 2 comp. A — lang. A. Q. E. 1. D. : 
2. The right-angled trianoles Cao and CBI. 
being ſimilar, on account of the parallels CA and 
BI, will have the angles B/C and ACO equal; 
but ACO is = MCO, by conſtruction ; therefore 
the triangle Otis ioſceles, and the ce/ecant Ci= = I: 
but it is evident that 71 = BI - B = col. K- 
cot. A; and conſequently the Cofecant Ct of the 
arch AM is bee rs to the lame Ae EE. 
, 5 
5 THEOR EM V. 
© From the point M to the. extremitics b and a of 
Fig diameters Bb, Aa, let the lines ib, Ma, be Fig. * : 
drawn, culting the radii CA ond CB in "the points 
G and g; moreover let there be drazon through the 
ame point M the tangent 8 M, terminated by the ra- 
dii CA ond CB produced, as for as ec, ot 6 ond 
, and by that means determining the lines O ond Cn 
_ reſpetiiocly equal to the ſecant and coſecant of the arch 
AM; then we ſhall have, 195. Sec. A = fang. A+ 
tang. 3 e A, and 2; . Coſec. A = = - (of. Aa. 
x 
I DEMONSTRATION. 

The angle þ Mo, which is formed by 7 the tangent | 
Ms and chord M z, is meaſured by half the arch 
MA ò compriſed between its ſides; alio the angle 
MGg, which hath its vertex within the circum- 
ference, is meaſured by half the ſum of the arcs 
ab, AM, contained between its ſides; but 45 is 
= AD; and therefore the angle MG 9 equa al to the 
: angle G M9; conſtquentiy che Lies GOM 1s 
iſoſceles, and G M6= lang. A. Mo reover, the 
angle GC, which is at the circumfer ence, is only 
half the angle BCM, which harh its vertex at the 
centre and ſtands upon the fame are; therefore, 1 


Ve rega ard the radius C 6 as the line total, CG will 
2 be 


EF SPHERICAL: 
be the tangent of half the complement of the arch 
AM; ; and conſequently, Sec. C8 = C 75 + Gy == 
fang. + comp. A+ tang. AF. E. 10, 
2. We might prove exactly in the Gs manner 
that, g n= Mis = cot. A, and Cg = tang. FA; 
but it is evident that Cr = coſec. A; and cherefor 
6 we ſhall > wits Caſec. Sen = cot, A + 12 95 
C 
N . 05 COR OL IL AR 1. 
* 20. By comparing the two expreſſions of the 
ecanto and coſecants of the arch AM in the ME. 
preceding Theorems, it will follow; 19. that, 55 
;Ü em. Ain A = tang. I comp. A + tang. A; 
x _ and 29. that, cor. + A— ot. A = cot. A+ tang. TY — 
| 4 conſequently we ſhall likewiſe have, 2 tang. A = 
ot. 1 comp. A —tang.+ comp. A; and: 2 ct.. KK 
cot. A — lang. 2 A; and if for the cot. in the ſe- 
cond member of each of theſe equations there be 


FILL . 


= art. 12, ), we hall again : 


have, tang. At 6 OP a2 comp. 
: fs 2 tang. 2 cemp. A 


ſubſticuted its value , 


; and, cot. A=. 


No RR—trang.”. 


from whence the t two following : 
2 tang. 2 * | 


| analogies may be e eaſly deduced : N 
89% AST Tang. L comp. A: R tang. 1 comp. A 
; R — tang. 2 comp. A: tang, A; or, which 18 the = 


ſame, 2 tang. 45 . RA fang. 459 '—IA 


Rang. 459 — A: fang. A; and 2%. as 8 
* A: e. A: R lang. Alt. . 
hy Taxon 


+ FIR Ss ” Wa Becauſe 1 in the 1 trian 1 4 + Wi 
M o, the angle CoM is the complement of the angle oC M, 
or its equal o CB, and likewiſe the angle e C 0 is the comple- 
ment of the ſame angle oCB to the right angle 0 CB; 
therefore the angles 00 C and 8Co will be equal, and con- 
ſequently vc, or Sec, A = M Mo lang. A lang. 
2 camp. A. 1 Fr Er 


TRIGONOMETRY. 9 
THEOREM VI. 


21. Let + thin frill be an arch AM deſcribed with a 
radius C A; and we ſhall have (by making the ra- Fig. 46 
dius unity) 1% I+cf. A= 2 cof.* 4 1 A= =>] | 

| ; {ang 5 
and 20. 1c. Ar 2 fn. A =/fn, A * — 
93 4 A. 


<W> 


DEMONSTRATION. - 


= itt, let there be drawn through the extremi- 
ties B and M of the diameter AB and chord AM, 
the chord BLM, terminated by the tangent of 
the arch AM at the point T, then let there be 
drawn through the cen tre C the right lines CK and 
. reſpectively parallel to the right lines BM 
and AM; and it is evident that AT will be twice 


| the tangent, and cD or ML or LB the cone, = 


. half the arch AM. 


. Ts being premiſed, ths ſimilar rriangles BLC, Es 
BPM, will give, BC: BL:: BM: BY : : 2BL : : 


BP; wherefore, B p = 155 . chat 18 to fox, I + 


of; A=2 oo. f LA. In like manner, on account. 


| of the ſimilar triangles CLB and APM, we ſhall 


| have, CB: CL:: AM: AP; and therefore AP= 
5 158, . (becauſe AM= 2AD or 2DM or CI 5 

that ! is, 1 —coſ. A'S 2 Un. A. Q. E. 3 . 
2. From the ſimilar ab APM, BAT, and 


= BPM, we ſhall get theſe two proportions; BP: 
FPM: BA: AT; or, r+cof: A in. A:: 2 R: 


2 la f A; and PM: AP: : AB: AT; or, fin. 


A: a A: 2 R: + FOG: 1 therefore, wn 


| Q.E: 2. D, | 


© co 


7 
i 
. 
! 
l/ 
: 
| 
l 
2 
4 
I 
$ 
1 
5 
ä 
4 
4 
} 
PF: 
1 
K 
j 
9 
99 
ws, 
+Y 
: of 
3 
1 
14 
ky 
n 24 
. FL 
$S? 
4 
_ 
4 
o 
: F 
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#1 
11 
1 
. ; 5 
il 
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5 
; 2 
i 
| 
> 2 
} 
3 
= 
4 
{ 
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| 
; 
* 


5 2 co/. x A 8 RR . 


V —_ ho 
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COROLLARY. 
1— CA 


It Slows from hence, that 1 2/7 A 


© ev” 7 4 Lang- 1A A id, 3 A 5 cot. 1 A 


—pu ——— RX O—— 


3.3 | . K RR 
and it likewiſe follows, by putting V and v for the 


vr ſca-/rnes 5 5 and BP of the arch 8 hs that 
— 1 and, n= So | oy 3 in. 


R 
1 R : 
X A; and, = = coſe? } 1 No e if he arch... 


MG, the complenient of AM, be called A, we 
ſhall get from the ſimilar triangles AMP, MPB, 


and AMB, the following formule*; R A5 n. A= 


| 2 ſn.” 45? ＋ 1 A; R—/nA=2fim.* 45%. —iA, 


Rye. 3 An. l A. 


Bs wy 9 ne = Fa 459- = * 15 


N PROBLEM FE 1 
23. . Any two arcs AM ond AN being given, to fol 


th e fon ne x; their , / m and arference. 


tg; 0 L U T F 0 N. 
"Tier the gr eater arc be denoted by A PS the let; - 


5 by B: let the ine MP of the greater arc AM be 


produced till it meet t. he radius CN, which balls. 
: 7 N 1 N | 


— : 
2 3 * 


* The proportions, "Wy as theſe formulz are 43 


rived, are, AB: BA: BM: PB; and, AB: AM: 5 95 


AP; or, 2 R: 2 6% 45 — A: 2 % 455 4 A. RAA. A; 


| 75 +1 A, and, 1 5 K 2 2 2. feu. 4 4 5 — 2 FA. 


and, 2 R: 2 fm. 469 i TAs 2 fin, 459—=TA: R = fin. A. 
But theſe formulae may be here obtaine l by a ſimple 
change of the expi ellons, 14＋ ce. A 2 cf Lode and, 1— 


cf. A =2 fon." A; into, 145. Any Aa LD = = 2/in. | 


E——ro——_—y 
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through the extremity of the leſs arc, in "ihe point 


R; and perpendicular to the ſame radius let the 


right line ML, (which will be the /e of the fum 


of the arcs AM and AN), be ſuppoſed to be 


drawn. Then the ſimilar triangles CN, CPR, 
will gie, CQ: Aer PR; or, o,. B: 


fin. B | : : Cof. A:PRE LAB — ; therefore RM 


CO 
SAKS 


u. A 
gles e R LM, will give, NC : QC::MR: 


* —: moreover, the fimilar trian- 5 


| ML; or, R. 4% B: %. A+ , 


5 . ce /:B+ of A) ſin. B | PS 


2. 110 oder to find the h ine = he 8 of 


two arcs; we ſhall now regard MN as the greater, 
which we have called A, and the arc AN as the 


5 leſs, which we ſhall till denote by B. This being 


: ſuppoſed, the ſimilar triangles CQN, CLO, give 
CQ:QN: GL: LO; or, of. | B: Vn. * 00. A 


| Axe 


; Or ; cherefere O M= = fo 1. A— 


7 — 7 moreover, on account of the f milas 


5 triangles MPO, Can, we ſha 11 have, CN: . 


OM: PN. r, R; co,. B: : fin. ATI” 


R | 


4 x B oh 1 — 
: for In. ADB = fed; —. i 3 * 25 J. : 


DS * o L E M II. 


24. To find the cafe; ne of the fon ard 6! ere cace 4 


a 50 arcs A and B. 


8 O 1 U ＋ 1 (9) N. 
ie triang! cs. CON, MPO, being ſimi ar, 


7 
\ 


lince the fide s of the One are perpendicular 0 


12 SPHERICAL 


thoſe of the other), we ſhall have, CQ: QN: 12 
MP: PO; or, of. B: in. B:: fn A: PO = 
in. fin. Axſin. B 


in. A x ſin. 
t therefore CO = coſ. 42 l 1 7: 


but on account of the ſimilar triangles iy 3 


Co, we likewiſe have, CN:CQ::CO:C 


: LE 20, * 


Wo 0 From the formulz which we 3 n : N 
gated in the two laſt Problems, the following 5 
5 Proportions will manifeſtly arile;. --- 


Sin. AB Jin. AB : fin. Ax coſ. B; An. 
5 . fn. AXcof. B—eof. An. B, and Coſ. A+B: 
coſ. AB: 1 B An. A Hu. B: ceſ. Ax 
eo}. Bin. A x fin. B; and if the two laſt terms in 
the firſt proportion be divided by 0, Axcoſ. „ 
and the two laſt in the ſecond proportion by co. UN 
Ann. in. B; we ſhall get, (after ſubſtituting for the 
quotients their equal values in the 2angents and co- 
tangents given in ert.! 1 theſe two analogies; 135 


= or, R: cf. B: : cof. A = 2 KT 
eee e QE. 10. L | 


21. If we now regard ihe arc MN as A, and he 
arc AN as B; it is evident that CP will ve the 
coſine of their difference. This being granted, the 
ſimilar triangles CQN, MLR, will give, cQ: | 
N:: NM I.: LR; or, cof. B In. B: : n. A: LR | 


as 7 ; therefore © R. or C L+L R =  cof. 


. - 


A 3 : moreover, on account of the 6 


757 


oo, milar clangles C CON, CP R, we ſhall have, CN: 
hs, RC: CP; or, R: coſ. B:: coſ. AS 
ers AX fin. . A AB. _ cof. TIEN 4 B 55 x B. ID 


/. B NIL 7 


 ConroLLany 1, 


Sin. 


h DTS TIC 12 

Se. B: In. A- B:: fang. A+tang. B: lang. 
A—tang. B, and Wy Fry cof.. A—B: : cot. 
B- fang. A: cot. B tang. A:: cot. A—tang. FB 
cot. A* fang. B. It is ſcarcely neceſſary to 
obſerve, that theſe proportions might be written 
under the form of an equation. 


PD I: 2 —— 


rr 


Coronary II. 


a6 Kier we have, of. AB 600. . I 

of. Ax coſ. B — ,n. AN iu. B: coſ AXeaf Bb bon, i 

AX/i1 VA BT; * follows, that we hall _ have by 
one ſirbtraction, coſ. AZB—cof ATB = 2 fn. Ax | 

An. B; and by one e e cof. AB +: A—B 

= 2 coſe A x coſe B. 

In like manner from: the proportion, fi 2 NB: 

In. A B: : fn. 2. B cg. Ax uin. B: fn K 
- | Roof. B- co. Ain. BY, we ſhall find by on one 
addition and ſubiraction, 5 fin. A+B+/in AR 
e 2 fin. AX of. B. and, /n. A+B—/n. Fara ED 
2 coſ. Ax ſiu. B; and therefore, it we colle& _ f ED 


2 . and divide them * 2, 
n eee 


Sin A uh 15 B = - 2 , and, A 


MN IGRIS U — — 


2 2 2 43, 


* eat B = c AX oof B= 
LE IFR+ of 3Dd, and, %% AX fm. B = 
2 2 
fon. A+B — fon. A B „„ 
no 2 %%% | Conor- 


—_ — 


1 Should any difficulty ariſe with Kepa to the ä e RU 
1 from theſe analogies, it will immediately vanith up n 
conſidering, that as both the antecedents and confequents in : = 

cach are equal, the jum or difference of the 1it and zd terms ” 4 


muſt neceffarily be equal to the ſam or difference ot che 3. | 
and 4th, 25 — 1 


1 SPHERTCAL 


8 111. 


coſines to 459, we ſhall have all the nes and cojines 


truth of this Corollary may be clearly apprehended, 


5 Rx/in.B 2 of eg, A+B 
OT 5 2 


lated from chis Corollar . 


ConorLany IV. 


A, 2A, 32 Ne. the „ne of the arc A to be al- 


— 


coſines to be repreſented by fin. A, fin. 2 A, fin. 3 A, 
fi 4 A— 


- 22 "I" 8 : 5 
8 2 8 ” — Vo 5 be D + 2 — N * 4 - S 
2-3 in < + F 8 2 TIS 5 : a I a Me) _ G 2 : — 4 a * 8 — 
— * mad — — wv — — — — —— — — —— CN 7 — — - - — = — wa yn. - _— — — — — — — — — — — — — 
1 ˙ ͤU0Uü—. — POET» EE EI W. ̃]Ü— a tn er un IT Me at IEA NES, ' — — — — o — — — —— 8 — ena = — — = — — ——-—-—-— > = IEF — — — = — — — 
6a 0 — 2 — — n " — \ — — - 7 ah — * 2 — —— — —ęk —— — 2) Dy 2 P 2 is - —” — — eo cut era —— * — — — — A 
ba —— — . ——— —— — 2 — — —— Ae — — — — — — a — — 0 — — : K 8 5 — — % — = — I 
—— — — — — — Ani A — << — "CEE cus We: yes” 2 - - — . — — — —ꝝ — * 2 — = — = — 
: ; 5 . 
9 - - A O 


27. Hence it again follows, that if we know the 
fines and coſiues of. all the arcs below 209, we ſhall 
be able to get the ines and cies of all the arcs 
above 30 to 60? by ſubtraction only; and there- 

f fore, it by on 1s method we compute the a feines and 1 


to 90%, ſince the co/fre of an arc below 45” is che 
Fine of an arc as much above 45% But that the 


it muſt be obſerved, that the fine of 300 being half the 
chord of 60® will be equa al ton; and therefore if we 
make A go. mn. A X fin, B will be equal tag 
+) and confequently, RX x = 


fin. Be FEB of. 20%, or, of. 300 


e 30.—5.— An. B: From whence co. 3029+B 
will become known, ſince B is known by The hy- 
Potheſis, and leſs than 30 In like manner, ſince 


5 fin. Axe. 8 . ts we ſhall find, co. | 


B— =ſin. 567FB4 fm. 3 209 —Bz and, Ar. 30⸗⁵ 30 


. B An. 30 B: therefore it is manifeſt that 
the Tables of fines and cofines may be cafily c alcus" 


28. If we ſuppoſe the arc B ſucceſſively equal to 


ways denoted by s, and its ceſine by c, and the ex- 
preſſions of the fines of multiple arcs in fines and 


5 2 nA, i will be 1 to conſtruct 
the 


SST EY 


TRIGONOMETRY. 15 
the following Tables by means of the formula in 
Prob. 1. Sin. A+B=fin. Ace B+cop. IN ö. 


Sin. A=Vrr—cc. 
LOT 
Sin. 2A= 2 cVrrcc. | EN 


2g Sin. 2 A = : 4CC—1X Vries. ; 
; Sin. 4 A= 86 46 Ac Tr — . 
Hin. 5A=16c*—126* +1 1* Vrr cc. 
Sin. bA=32 co — 32 c Ge x Vr cc. x 
Sin. TA 64 c SO -i. 


Sin. 8 ASC 1927 +800" iO VI ce. 


e. 


3 


5 he 0 R, 
T Sim. Azz. 

. Sin. 2 A=2s Mer. 
Sin. ZA=g5—45. 2 8 


Sin, 4A 4-5 * Vr. f 

Sin. 5A=55—205" +168. 

Sin. 6 A=65—225* +329 Vr e. 
Sin. 7A =75—565 +1125 — 645), 25 


Sin. 8 A=F5=y05* 71927 —1285 * Vr =55 1 


85 gA=95—1205" +4325” —5765" T2507, 


Sc. 


I! is af to perceive that all the terms of theſe 
equations might be rendered homogeneous, by 
ſubſtituting therein the different powers of the 

radius or Vue total, which we have not thought ne- 
ceſſary to be ſpecified. It is likewiſe evident that 
the lirſt Table Ss had the fine nes of multiple arcs 
. 


——_ n — 4K —— — 


+ dee Mujeres 5 Trig zonometry, 


1 
| 
| 
| 
| 


o —— 3 r e EE” ELIE 2 et xt 
. 2 = IF — E 
— OS GREY e 


” 1 — e 
455 5 — 


* e e 


„% ik Rien 


in ceſnes, and the ſecond in /ines, of the ſimple arc. 


— but that theſe equations may have all the 


gencrality which 'tis poſſible to give them, we 


ſhall ſubjoin the following general formulæ for 


the cwo Tables; obſerving, that the ſecond Table 
muſt have two general for mul: to exprels 1t, ſince 


Vrr -s is found in all the terms of the even, 
but not in thoſe of the odd, ranks. As to the 
method of finding theſe formulæ, it is deduced 
from the conſideration of the coefficients and ex- ; 
1 Ponent of the ſeveral terms. 


A. G aneral formula for the fr T able n being cry 8 


number whatever. 


Sin. 1 A = 6 — — * 2; 3 + 


— Xn—5X — 
Bis Os 4 2—5 4 — 2 => 2+ — er- 


2 —5 Ne p ect. 5 


2 Js 4 i 

"Wo Firſt general am for the feed T TY n be. 5 
ing any odd number. . 

Sinn A=nr_ 1 5? 2 2 — — iN un -9 55 — 
5 e b 75 1 8 "bg FP * 5 
i — XAT 7 
gf &c. 

1.2. 3. 4 5· 6.7 * 


C. Second general forme for the ſome T able n te e- 


5 ing any even number. 


Sin. 1A 0 . „ TETI TED 
TT TITS 


HS 4 $67 


5 =* Vrff te. 


3 N 


„ „ e | 55 
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Co ROL ILA V V. 


Moreover, if we ſtill ſuppoſe the arc B bc 1 
cellively equal to A,2A, 3A, 4A, &c. &c. &c. and 
proceed in a ſimilar manner with the formula of 

the co/ine of the ſum of two arcs, found in Prob. II. 

we ſhall again form the two following Tables; 
one of which expreſſes the cofines of multiple arcs 
in cofnes, and the other in fines of the ſimple a arc. 


00. Ac. e 
Coſ. 2 A=2cc=r. 
. 
Coſ. 4 A =S Sil. 
Coſ. 5 A=166=200+5:c. 
Cos. 6 A= Zac ASI. 
Coſ. 7 e 
RR. SE %% Oo 
- Cf, 2A=—255+rr. _ e 
Cof. 3 A . . 
Ca. 4A=85 — +1. = N 
1 Cof. 5A=165* —125 ＋1 * r. 


8 _ 1 rr 
n r Y ACSI ITO ——— = 
. 


: oo 1 ST +7 2 . „ 
. 8 


D. Carat formula | for the 2 Table, n being any 


nunber e whatever. . 
HL. Col. 1 A = 2. —1 ur. 2 02+ 


* X n= «4 4 — — — | nX ALEXA s ra-Ler-e 5 


5 1.2 V . 1. 5 | . ö 
. * 27 [ 
5 1. 2. 3 Fi e | | 8 = 
D- _ 1 


* 
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If the arc denoted by A be obtuſe, its ce 
becomes negative, and then all the formulæ where- 


in the letter c is involved to odd powers, change 


their ſigns; as will likewiſe the terms of the ge- 


neral formula, vi hen a is an odd number. 


F. Generel fermule for the ſecond T able, n "OT any 7 


: cad number. 7A 


„Col. 75 „er 0 25 —15 FI X 23 $3 — 


* · 4 —1 + 2s PE &c. ) x „ c. 


Nun 3 


6. 0 eneral / mila for the 8 7 a - when n Fs 


any eden number. 


n Col 7 A= _— + 2——1 * T1 0 2—5 5 + | 


2— TTY er * — 
— — * 2 —5 8 +> Þþ ** N e 
Yo 2 =p | „„ le En 1. 2. * 


| 8 — þ * 299 125 + - &c. = 


2.35 4 | | 
4 higher ſigns t take . in © hs firſt Remus, 


| when » is one of the odd numbers 1, 5, 9, 13, &Cc. 


: 2 the lower ligas, when it is one of the numbers 


% ii, e. 
"bn like manner in the 3 formula ob higher 


5 liens prevail, when the rumbers are evenly 


even 15 and the lower figns when hey are evenly 


| od d. 


0 c H o L + U M. 
20. We migbt now proceed to deduce from 


5 the foregoing ccneral formulæ, ſeveral uſeful and 
important truths concerning the nature cf the 


roots of equa ations z but fearing by this means to 


extend our Work to too great a length, we ſhall re- 


fer our readers to the works of Mr. Fei kr,where this 


matter is fuliy a W ee handled; and only 


N : 


TRIGONOMETRY. tg 
apply them to the theory of powers of the {es and 
comes, in two Problems: the firſt of which requires, 


when ©. ny power of a fine or cefine is given, to find | 


its expreſſion in fines and cefines of the fn le arc a 

ie mulliples ad Con the ſecond (the bare n 

_ whereof will 

coſine of any multiple arc by pozcers of the fine ci cg 
of the Jimpie arc.“ The tormuie, which Mr. Eale 


hath given upon this theory, he deduced fron 
thoſe in art. 26; but to us it an pœars, that they 
are much more calily deducible : from the Preced- 
= ing formulz. 5 : 


POE III. 


70 0 9555 powers of the ſine and cefine 1 7 4 


EE arc 5 2 daes and coſtzzes of FOES arc and 18 multiples. 


SOLUTION. 


"This Problem conſiſts of tvro parts, one e for th 


nes, and the other for the cones ; but the ET | 
le, which we ſhall firſt inveſtigate, ſha!l be thote 0 
which may contain the values of the powers of the 
ines; and this we ſhall do by means of the two 


laſt Tables in Corel. IV. and V. wherein the letter 


was ſuppoſed to denote the /e of the ſimple 2: re. 5 
Now it will appear with a very little confide TALON, 


that the terms of the odd ranks of th je ſecond Ta- 


ble in or. 28, will give the values of the odd DOW= 


ers of the letter , and the terms of the even ranks 


in the ſecond Table of Corollary V. thoſe of itz 


even powers; after exterminating ſuch powers as 
may be found in the laſt ters. thus from.. 


Ac, we get, „en. Ain. A: allo from th e (qua- - 
tion, of. 2 Ar -s Tr, we get, 2 fo. com; 
Er coſ. 2 A: again, from the Cqblafigt n. Vu. 3 A 
HO „in the ſecond Tab: of Corel. 8 


e ſufficient), * To o expres tte fine er 


8 — 5" — — 2 n << I n 


rere 
— _ 2 ** 


— * p — — 


— 9 
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deduce, 4 /n. 3 2 — A— fin. 3A; likewiſe 
from, cof. 4 A= in. —8 ,in. +1, in che ſecond 
Table e V. we ve ſhall get, 8 /n.“ A = coſ. 4 A 
+8 /nf A — I = cof. 4 A—4 cof. 2 A, by ſub- 
ſtituting for 85.* A its value, 477 —4 600% A, 
as obtained from the above equation, 2 %. AS r 
—cof. A: and by purſuing this proceſs, the fol- 
Towing Table will be a formed. 
$i. A An. A | 
| £2 Sv * a 2 2 A. 8 
4 Sin. A= 3. in. A fin. 1. . 

8 Cin.“ A= 3 — 4 cœ/. 2 A cg. 4 A. | PE 
16 Sin. A=10 ſn. A- 5 fin. 3 Ayu. 5 A. — 
43 Jets. A=10=15 cof..2A+6 NAA b A. 5 
: 04597 Ag 5 /tn. A- 21 fn, 3A+7/m. 5 A—/in. 74. 5 

128 Cin. A 35 866% 2A ＋ 28 c / 4 A- c A c. 8A. 
8 ? A==120/im, A Ys JAYS. $440 74 ſin- 9A. 


In the ER, Table it is manifeſt, that the odd * 
powers of the fine of the arc A are all expreſſed 1 inn 0 
- NCs, but its even powers in cofines, of its multiple 


arcs. The law of the coefficients is likewiſe my 1 

obſervable, being evidently the ſame with that of 8 
the coefficients of. a binomial raiſed to each of the p 
powers; except that in the even powers the ab- Wy 


ſtract number, which is not multiplied by a cone 
f A, is only half the coefficient of the correſpond- 
ing term in the hike power of the binomial. Hence 
it will appear, that in order to expreſs this Table 
of powers, we muſt neceſſarily have two general. 
formulee. EN ; 


WM Fir genes -al n for the 2p Wer TY” 4 n. A 
ben n 7s odd, beginning at the 2 Terms of the Ta te . 


| * 1 8 
2. Sn A=S fi aui. 2 AK — 1 


A AF aXrmX HRW 2 x fu. —6At &c. . x = 


EY. 


—— l—·—— HD 


51 : —2 Oc. 
2 2 +: 1—2 & "fn. A 
1, 2. ERS | ? 


TE ge- | 
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K. Second general formula for the powers of the ſame 


fine, when nis any even number. 


2—1 Sin.“ A = 2 cf A 1 cf 2 A 


— 


ah * of — A ie Cop. n—6A.. 


— 44; 
BI hom] 14 U * cf. 0A. 


5 * 1. 2. 3 Ce. 


Each of the two preceding formulæ hath two 
ſigns; and of theſe the upper muſt be uſed, when 
u is an odd number and equal to 4 +1 ; but the 

lower, when it is equal to 4m—1; m repre- x 


: ſenting any number whatever. In like manner, 


the higher ſigns mult be uſed? in the ſecond for- 
mula, when ls equal to 4 in, denoting g any num- 
ber at pleaſure; but the lower ſigns, when 1 1s equal 


to 2 m, and many odd number. 


32. Now in the ſecond place, to find a Gimilar 1 
formula for the ſucceſſive powers of the coſine of | 
any are, we mult apply the firſt Table of Corol. v. 
exactly in the ſame manner as we before applied 


the two laſt Tables of Corol. IV. and V. and we 


all by that means e eatily form the fabſequent 5 


Table; N 
Cf. A=coſ. A. 
2 Cop. EN 2A. 
4 Coſ." A= cof. Acof. 3 K. 0 
8 Co /. AEZ3+4 cos. 2 ATcoſ. 4 A. 

16 Co. A=10 cof At5 cof. 3 Ace, 5 A : 
32 Cofes A=10+15 cof. 2 A6 cof. 4 e 6A. 
9 5 Asch ea. 


. 


Then if we regard the laſt term: WR theſe ecuari- 1 
ons as the firſt; or which is the ſame, take them 
all backwards, we ſhall readily obrain the follow- 

ing general formula; 33 


= 5 


. — r RET TI Va Lo I TW + #* > Iz — — 2 
. FF .. T— ——̃ ᷣ᷑ ˙ —— — 3 
—— % 2 — — — — 2 — — paper Won w_— 2 — = 
py memes — = - 
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L. 2 —1 Coſ” A= cf. n A+ n cof. 1 7 —2 A+ 
Do ET Ab PEPE IA... 


IOW.» Es 


— 2 — cf 2 


„ Ds: , A. or cf; A; 
„„ 


according as 1 18 an even or odd number. 


s HOL IU Mu. 


3 * Though we have already ſolved the con- 
verle of the laſt Problem; yet. as it will admit of 
other different ſolutions, by taking the equations 
of the Table in rt. 28 and 29, backwards, and 
ſeeking the laws of their — we ſhall likewit 
give theſe £lutions. 


a 8 2208 


PROBLEM Iv. 


34. To 0 find 2 general formule fer transforming the 1” 
Ine or ceſine of 2 any multiple of an arc A, into . 55 


2 the 88 ue or 5 ine of the 1 95 arc. 


OS 0 * U T 1 0 N. : 74 
This Problem conſiſts of ſeveral parts: for if — © 
1 hi me of a multiple arc be given, it is manifeſt : 
that it may be expreſſed in /nes or cofines, according 
as we make ule of the ſecond or firit Table in 
art. 2 ;: it is likewiſe evident, that in both theſe caſes _ 
different formulæ will be requiſite. according as we 
begin the ſeries by the firſt or laſt terms; and that 
in the third place, when we begin the ſeries by the lalt i 
terms, the general formulæ will again be different, 
according as the number is even or odd. Now if 
we ſuppoſe the ſeries to begin by the firſt terms, 
and it be required to expreſs multiple fines in pow- 
ers of the co/ize of the ſimple arc, the formula X 
in art. 28 will ſolve the Problem, whether n repre- 
ſents an even or odd number; ; whilſt the formulæ 
T1 B and 


e ee 


| nts $ 2—5 5 —— 2 x4 297 7 
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B and C in the fame article will give the general 
values of multiple fines in powers of the ne of the 
ſimple arc, viz. B when is any odd number, and 
C when it is an even one: but the general formu- 


læ for expreſſing multiple nes in powers of the ſine 
of the ſimple arc, when the ſeries are ſuppoſed to 


begin by the laſt terms, remain ſtill to be obtained; 


and theſe will manifeſtly be two, one on 2 when 


even, and the other for 1 it when odd. 


M. Gral formula for e any wal ple fine into 
: powers FR the fem ne g * 5 88 arc, n n being « an even 


5 number. 


— 


F N +. + ns) fre. 


5 N. Corel formats for. routing a multiple 7 . 
into powers of the ine 6 the Lo 82 8 arc, n ay wt 


: odd number. 


Siu. 1 A 7 1 - 2 * * 2—5 — # 


* 2—5 e 2 — 4X 25 « > 27 = 5 5 925 


1. 2 . 2 EE 3.243 


nx KT on ae. | 
| 1. 2. 3. 4 | 18 
5 e ee 
5 2˙—1 510 Kc. 
1. 2. 3. 4. 5 i 


- 0 G SON? formula * e 4 nhl, cafive 
into powers T7 the Cafe ne q the Fg . n — any . 


even number. 


Fin. 2 4 * (F2 2— Cn + * — 2 * 2—5 3 7 


Of 


— 
— <> — — — 
—— 1 — — EET I Ins a ——— 
E — TRIS OL — £ ; = 
— oa Yaoi ot. — 


— — 9 _ 8 % g 4 
ei Deed woot acts: Wn we nd er rn 


| * * Fr NN —36 


| ber. 


Coen A = = + 27 — 0 e TY 2 pm of A 


- — ? 
— — — FS 
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ConA tw Io 


1 BE Ls = 


1m of. "AT ons 4X nn? - SE 18 IG 


1.2. 3. 4. 5 0 
e ATE: 


1.2.3. 4. $+ ©: 7.8 


P. General 1 for n, ben any odd num- 


pox? IX EL yn —25 5 


1.2. 3. 4.5 r 


* af A+ $ xn _— —gXu? — 25e —49 7 9 


28 40% A * Sc. i 
Theſe two laſt formule are eaſily gebs from 1 
the firſt Table of Corel. V. (art. 29), by obſerv- 
ing the law of the coefficients for the terms of the _ 
_ even and odd ranks.—In the firſt formula M of the 
fines, the higher ſigns muſt be taken when u is any 
of the even numbers denoted by 4 mh, and m any 
| number. at plezſure ; but the lower ſigns, when it 
is any of the numbers repreſented by 2 m, and m_ 
any odd number. In like manner, in the fecond 
formula N, the higher ſigns muſt be uſed for all 
the odd numbers denoted by 4in—1; and the 
lower for thoſe repreſented by 4 mÞ+1; n being any 
number whatever. We may moreover eafily 
perceive, that in the third ſeries O the co/ine will 
be poſitive or negative, according as is equal to 
4 m or 2 1 in being any number at pleaſure in 
the firſt caſe, and any odd one in the ſecond; and 
_ that la aſtly, when u is odd, the cœſne will be poſitive 
or negative, ec as 7 is s equal t to 4 EI, or 
| 4 Mel. | | 


1.2.3. 445 Sher OS 


of 


1 RIGONOME TRY. : 25 


” the uſe of imaginary Fadlors in the theory of Sires | 
and Cafines. 5 | 


35. All the ſeries, which we have hitherto giv- 
en, were obtained by immediate deduction from the 
two Problems concerning the /ne and coſine of the 
ſtim and difference of any two arcs, by ſuppoſing 
theſe arcs to be equal: but there are ſeveral other 
methods ſtill remaining whereby ſeries of a dif- 
ferent nature from the foregoing may be diſcover- 
ed; of which we ſhall however only ſubjoin that 
wherein imaginary Factors are concerned; not be- 5 | 
cauſe we deem expreſſions abſurd in themſelves . 
be preferable to others, but becauſe they may 
ſometimes prove peculiarly ſerviceable in the 

ab:idgement of calculations, and the diſcovery of >. 
- impor tant truths. „„ 


ProBLEM v. e 
36. To nd the Factors of the ſum of two Faure as as 


aa+bb; or, which is the ſame, to diſcover how a and 
b b muſt be combined by neee, Jo. Pat their proc 
dus may be, a a b b. 
18 SOLUTION. „„ = 
5 Let A and B be the indeterminate quantities 
which ought to affect the roots, à and , of the 
ſquares, fo that their product may be aa+bb, and 
let us ſuppoſe the Factors to be, a+A h and aB+4. - 
Then Meng, theſe two Factors together we 
ſhall get, aaB + 2b ABT Ab ga %; and 
if we compare the terms of this equation together, e 
and ſuppoſe aa Ban, or Ab Sb, we mall Hack 5 
B and A to be each 1; from whence it is eaſily , 
inferred, that if the quantities A and B are poſſi e 
ble, A mult be equal to B, and AB=AA=BB: . * 
but ſince in the ſum a2+b5 the term 40 is wanting ; 


K 5 


— 


———— —— —ã — — — * = 4 — c 5 — 
X 7 > 2 2 ä — 8 — — ſh — — —— woes Sp . . — 23 2 — — — 2 7h 6 — — — * 
— . — — — _ bk —— . * — — n—_ — . — — 23 1 a? 2 — 0 m — — — —— — — —— x — — . 
ECD noting — oooh hore ee — —Ä— wile arr | PR : —— — 8 = . : — — — — A n= —__——_—_ 
— — <P> ps Dome — — — — 8 - __ * eg Ar rt 2 e 8 — — — Song Y HET — — — — — — — — — 
a — — — - — > _ —.— 2 — — — ade - — — — — ors — — — — — — — — — — ——— — — — — —— Eq — — — 
6 — 1 — . — — — — — 8 — — — —— — — — == — = ets Rr —— — — — — — — — — — - — 
— — r It es — . — — - . g——_— _ — 2 ny —— — — — — — — — — 2 - 
— _ — - — Fs x — 3 . 4 — — — 7 — bo. - l age 3 — 2 — — SSS ——— —— - — — = ; x * — — _ 
2 — N — . — r — IRR” — — — * r a 5 Sa —— Ys <a — ——— — — — — — — —— — —— —— — — - — — — — — - — - - 
- 


— — = I 
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p —— =, a I — " 
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—— — — —— — —— . —— 
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it neceſſarily follows that, 2 AB; or, a+ a 
AA, or, aba BB, muſt beo; that! is to ay, 
AA+r or BBI; which 15 impoſſ ble, ſince 
we have already ſeen that AA or BB 1: therefore 


the Factors cannot have the form ſuppoſed ; and 
conſequently the aſſumed quantity cannot be re- 
ſolved into Factors; or, which is the ſame, is not 
a product of the quantities à and þ in whatever 
manner they may be combined. However, if we 
vwould ſolve the equations, AA+1=0 and BB+1 
So, notwithſtanding the abſurdity they imply, as 
before obſerved; we ſhall have, AA or BB=—1; 


and by extracting the roots, A * . and BSE 


i et; heſe expreſſions therefore, which Ge- 
ometers have called imaginary, are not any rea! 
quantities, but only ſigns of an abſurd ſuppoſition, 

wherein we regard that as tlie product of two 


quantities which i in reality is not: nevertheleſs as 


theſe ſigns may have their uſe, no juſt reaſon can i 
bee alledged why they ſhould not be employed in 
calculations; and if fo, the 1 imaginary F actors of - 


aa+bb will be, 424 0 and a—b 1 or, 
b+a * and 5 —4 * or, — % * 1 and 
N —a—b vV=. k „ : 


SC CH o 15 1 U M. 
35 But thovgh we have faid above that 4 


cannot be a product of the quantities a and b, yet 
it may perhaps be aſked whether it be not poſſi- | 


ble to find this ſum of the ſquares of 4 and þ by 


ſome other combination, as, a.) and a — . To 


try this, let each of the quantities 245 and a—b 


be ſquared, and we ſhall get, aa+2 ab4bb and a 
222 then let theſe ſquares be added toge- 


ther and their ſum divided by 25 and WE Mall 955 


Ns 
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that means obtain the propoſed ſum, aa ＋ ; 
from whence it is manifeſt that aa+#46 is not a 
produ: T of tie qua antitics a+b and 45 but only 


half the ſum of their uares. 


We mis ho extend this tncory much farther: how- 


ever the lite, which we have ſaid upon it, was in 


our opinion abſolutely neceſſary to be given, ſince 


the nature of Tmaginari es hath not been clearly trea- 
ted of and explained by any Author, at leaſt by 


any that we know of, notwithſtanding they have 
been introduced into the nes and coſones.. _ Beſides, | 

there are certain peculiar relations found to pre- 
voail between curves of the hyperbolical -and ellip⸗ 


tical kind, and between logarithms and circu— 
Tar "Arcs, whereof” it will be ſcarcely poſſible to 


form true and preciſe ideas, without calling in the 
aſſiſtance of what hath been he: re faid upon i imagi- 


nary expreſſions. | ed 
CokoLLARY * 


8 38. It follows from hence, that if we would and 8 
the! imaginary Factors of, „in.“ A cos R, 


2 we ſhall have, c.. A n. AY —1 A 00A Amy mn AV —T 


RR. In like manner, if we ſuppoſe another arc 


B, and would make ule of imaginary F actors, we 


— — ——— ů—bĩ 


: Nall find that, coſ.A+fin AV «coſBiſn. B 1 


= coſ. A x coſ. B — fin. A x fm. Att * 


6A n. B In. A xcof. | B=co/. ATB foul x ſin. 
A+Bby art. 23and 245 and that, chf A. An. Ar 
x cof. B— Vn. BVI co A+ T V—IX/m. AFB. 


5 Alſo by a ſimilar calculation we ſhall find that, 


8 1 — — 


600. A+ . on fin. A * 69%. B * 1 fon. BX 


: oof. C fn. C=wf.A+B+C A fir. 
BC. 1 
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2 
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39. Hence it again follows, chat if we ſuppoſe 
the arcs A and B to be equal, and take two Fac- 8 


pmol Stagg N — — ace — — — pa — _— _—_— = — — by 
- x — — — - — — 
- g : — — — - 
: — = — — - - — — - _— 
— — — - — — — — DD —ĩr— — — 
- = — - ——_—_— — ——— — — — - — — 
— — — > — — — — — - * — — — — — 
— — — by pany —— - — 1 — — — * — — - — - — —— — - 
— ä ' — — —y— ͤ— — nos 
— —— PIE — — — . — ——__— — 


tors, we Mall have, of. At + fn. A . a 4 C 
Ju. 2 KA I: if we : take three Factors, we Mo 

- alt have, of A fn AV =coſ.3A+ſm AVI 

and conſequently | in general, cof. A+ Le. A x hs 

= 7 AS „Ar. "iS 

| ConrorLary II.. : 


40. Fre rom the laſt equation we ſhall get . by anf. | 


poſition, ſin „A AN An. Ai coſnk; h 
and alſo on account of the fgn— An. 1 A VT 


—coſ. A A-, A 2 A 3 — 1 : then if we add , 
theſe two equations together and divide by 2 V1, 
we ſhall get the tollowing ons for __ = ne 
of any multiple are; 3 
| Sin 3 e A CET Ks A Va | : - : 
5 ; VA N 
We might likewiſe find that 3 
Co. A. e. AVSL e A in, A VE 5 
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Conoriizy IV. 


LT Now if we raiſe each of theſe binomials to 

Z he power z by the general formula, all the terms 

affected with Tmaginaries will be found to deſtroy, 
and the two following general ſeries remain; one 
whereof expreſſes the fines of multiple arcs, and 
the other the 2 nes. 
Q. Firſt 


— 


— a OTE OS — 
— I — 5 
5 = — — — 

= — — — — 

— — — 

— —— - 
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Q. Fiiſt formula. 


— — 


Sin, 72 A — n coſl A * fn A 5 1 11 1 
| | I. 2. 5 


— 


co t=3 A xu. 1 EE 5 beaſts 
Ar. A — xc. 
N. Seco. 2 ferm a. 


—— —— 


1 N — N X13 off. —+ A 23 K — 
t. 2. 3. 4 
CE TE EET 3 2 —5 A xn. "A 


Ce a 
Tee. 


Cen r Wy - 


44; If v we : ſuppoſe the arc A to be indefinite! 17 


1 we ſhall have, 7. A=A, and, c,. Ar or 1: 


therefore that the arc 3 A may become an aſlign- 
able quantity, 2 itſelf muſt neceſſarily become in- 


definitely great, and conſequently the products 


e 


A1, n 1 X20. be reduced to the po. 


: ers, 1, c. Hence if we pur | the arc n A 


„ ſhall have, (ſince j fn. A = A. and Ar > 
fa K A fin." A =< 725 e Sc. whilſt allthe pow 


ers of uf A will remain equal to unity; by which 


means the formule in the preceding Corollary, 
will be reduced to the two following ones, where- 
by it will be eaſy to expreſs the fins ne and cofne Of 
any Arc in parts of that 155 or in decimals of the 


radius; that is, to calculat the natural fine and 


coſine of any arck. 


—— 


* See © Extafttion au cle 22 013, nique,” ” par - Mr. DELE 
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Theſe fomules; it is mani FRY will give che fone 
and gu fo mi ich the ſooner, as they converge 


tne faite! ES bl A 15, as the EC number o | f de egrees, 5 


1 


Which the arc dei ored by c contains, 15 the les. 
— lere ate ſome © ther Jeries of a ſimilar 

tature with chele, but as they are not immediately 
connected W ich the buſineſs in hand, we mall Bo. 
On to | | 


POI N VI. 05 | 
1 To fd the 72 0 2 the fr or 22 / 


two e arcs A and B 


8 O L U ＋ 1 0 N. 
Fat AM and AN be the given arcs, the tan- 


gents of which, AG and AL. denote by f and 6; 
and it is evident that the line NT, drawn per- 
pendicularly to the end of the radius CN, will 
be the zanzent of the ſum of theſe arcs; which 


denote by TT + but to find the tangent of the dif- 
ference of two arcs A and B, let the arc MN 


be regarded as A, and the arc A M as B; and 


. will manifeſtly be the tangent of their differ- : 


_ ence; which cal] -. 


Hall the per pendiculars, AQ, 8 A . the radius 


This being premiſed, let 


EN: 
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CN: then on account of the ſimilar triangles, CRN, 


C AQ, we {ball have, CR:RN :: CA: AQ, or, 


bY 
ur r+b9:9: 7: 779 _ levi on account of 
rr + + 66. 


the ſimilar triangles. AQL, GPL, we ſhall have, 


en GL:GP; or g . : 140: 


Les SD 


wVrr+6 


8 we ſhall get, 1 and alſo from the 


E  wrr+00* 
ſimilar triangles, AQ GP: L. A L: QL:: 


- 


G * P f;; or, 1 — 3 ES +6: + 7+ 0x0. ; and 


rh e +00 


conſequently, C P, or O 1.— P LS * UU — 


ö 0 re: 
wrr+00 . ara TY 


= expreſſ: ons it will be eaſy. to find that of the tan- 
gent NT: for becauſe of the ſimilar triangles, 5 


GCP, ON T. ve ſhall have, CP:PG::CN: 


. . 
1 — 
NT; or algebraically, e, It rl Ver I 


2 rr EI T= lang bB whence we deduce, : 


Eo hs. 


by making the radius equal to unity, 2 ang. A+B CE 
fang. A I lang. B Re 19. 1. 0 7 


I=. AX lang. 5 


2. In order to bein the tangent of the Aer 
: ence of the arcs A and B, let the laſt equation, T=. 


trxb+! » be reſumed, and one of the tangents or 


3 „ Of 
be conſidered as unknowns and we ſhall g get et by 
A 7 


the common r ales of Algebra, 7 or 7 = ne 


Va Ha, 55 Wer 


15 : moreover, ſince CL: AL: AL: Q. 5 


Now by means of theſe 


o2.-.o.::--o4S-PEERLICAL 


that 1s, by making the radius equal to unity, + or 
rang. A — tang. B 


Zang. A—B= 1+7a2g. AX tans B* QE. 29. I. 
TTV 
44. We might have found the fame reſults with- 
out any g geometrical co! n{truftion byemeans of the 
5 formula already given, as follows. Let S be put 


for the ſecant of A, and s for that of B: then by | 


the known properties of CS, ha nes, tangents and . 
op 
» ſecants, we ſhall have; ; fi nA = I? and, 5 A 


5 = 5 ſin. 8 . and, CB 8 which values s be- 


ing ſubſtituted | in moe of, fn . AB and cop A#B, 


7 * T 4 3 
3 and \ fon A—B 


—_ — — — — — — — —ů— 
— — 8 — 3 
— : 8 r = 
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* — — — 5 — — = == — — ny 7 5 2 > — = 
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"Fs — 
= wy — —— 
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ſhall get, He. AB= 


— 


* rXr? 

| == 1 4 K + 2 = VR and, gf AB i 

— PXr7 ETz, ; and therefore, fince Hang. = — Ale, 5 . 
„ „ of. 

| 17 2 50 T + + 6 : 
we ſhall find as before, tang. A 7 B = — 


— — . — 
— — 
8 - —— 
. — — 
— Anette beg — = — 


—— — x 
— ——— Aiĩa—᷑ʃ 
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rr F: 


and, ang. A—B= EH 


Conortany 1. 


= 


"45 Lang. 4 ＋ B x Lig. A — B = 


TE tang. A += tang. B Y x tang. A — tang. B B * — 5 


. tang. 2 AX 7 725 Bragg * 


4 8 — — odd — \ 
r "Sai 
Hes — — — — —— 1 engage ot * 
— pp — — — — — J HT" — 4 
— —— — — — — — - 
— — — — res — — —— 
——— — — 
. ͤ re . — — GAA + — — — — — 
bye — — . — — — — _- — — — 
. —— —— = — 
— a 0 — Rr q_" ——————— A 
— — — — 2 ; — Px) 
's 6 A f — — — 
= * * — — = — _— 
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| 2. A = aug. 3 
| 8 A* bang. I B* 
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46. If one of the angles be 45%, we ſhall have, 
1+ tang-A Ar * 21 
1 —tGig. . targ. 457 — A? 
„ becauſe 


— 


1 j 
f > 
0 
TED i 
t 1 
16 
' 
1 
114 
10 


| 1 5 
lang. K 459 


— —— — — — — 
— — 
_ = bn 
— — = —— — 


— ———— —— —  — 


- — — 
— — < = 
— = 
OO > —>— omen RG DS a eee. 
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becauſe the radius 1s (by art. 12) a mean proporti- 
onal between fang. 459 4 A and tang. 25 — R: 
from whence it follows, that if we calculate the 
ſlangents of all the arcs below 4555 we ſhall get the 
tangents of all the arcs above 459, by ſimple divi- 

ſions; and, if we compute the logarithms of the 
ſame tangents, we ſhall likewiſe get the logarithins of 
the tangents of all the arcs above 459, by ſubtra K- 
ing the logarithms of the 7argczts below 45" from 
5 double the logarithm of the fine total ——This 
Corollary therefore ſhews an eaſy method of con- 


ſtructing the Tab! es of natural and N tan- 
gents. 


Co AR III. | — 


47. Whilſt the arcs A and B continue {uch;-: 8 [ 
that their ſum is leſs than 909, the expreſſion of N 1 
tang. A+B will be poſitive : i we ſuppoſe ang. K l 

xX lang. B to be rr, (which happens when theſe 1 

arcs are the complements to each other), the eng 

minator then becomes nothing, and conſequently 5 q 

| the zangert infinite; but when tang, AX fang. B is — 

greater than vr, (which i is the caſe when the ſaid 

arcs taken together conſtitute an arc greater than 
90%, the expreſſion of the tangent then becomes 

negative, and of conſequence muſt be taken in an 


e ſenſe T. 


ConoLLany Tv. 


48. If we ſuppoſe the arcs A and Bt to be equal, 
and imagine a ſeries of arcs, A, 2A, 3A, 4 A, &c. 
multiples of the firſt; it will be eaſy to form the 
: following Table of their tangents from the formu- 


— — 


— — 


74 See e Maſeres's Lilenjents of F Trigonometry, p. 78, &c, or, 
Sinpfu' 8 e p- 56. 
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- — — — — = 
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by always re- 


lang. Ax lang. B 3 
garding the tanzent laſt found as tang. A, and 


making B equal to the ſimple a arc A, whereof we 


ſeek the multiples, 255 
Tong. AT. 
=. 2 2 T | 
Tang. 2A= * 
oy T=. | 
A r r 
2 „ 
Tang. 4A= = ri Te 
. 57 bog r2T3 . Ho 
"=O. 1 7. 


Tang. 3 


Tang 55 


And from 1 it will likewiſe be eaſy to deduce 
the following general formula, by obſerving the 
law of the coefficients for any a arc, and a 
making the radius equal to unity. 


Tang. 1 
1 W To r * — 2 Xs —Ee. | 
3 6 SS 
| — T*Þ ; 1 1.— Oe. 
1. 2 5 1. Zo 3 4 | 


But in order to abridge this formula, (as well 
as all thoſe which have been hitherto given), 
ve may obſerve, that every ſucceeding coefficient 
contains that of the term which precedes it; and 
therefore, if the coefficients of the-numerator be - 
repreſented by the indeterminate letters, A, B, C, 
D, &c. and thoſe of the denominator by, a, g, », 9 
&c. the foregoing formula may | be * thus; ; 


Tang. n A 


5 — +, 2 Sr:—c EET te. 
1 ae Tz a. — T*=p. == T*+ G. 
2 3-4 8 


49. If 
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49. If we would expreſs the tangents of multiple 
arcs by beginning at the higheſt terms or higheſt 
powers of T, we ſhall readily perceive, that two 
general ſeries or formulæ will be requiſite ; the 
one for odd numbers, and the other for even ones; 
and that, ſince the higheſt odd powers are alternate- 


ly poſitive and negative, the multiple tangent muſt 
have the two ſigns + e to it. 


Firſ formula for n when odd. 


+ Tang. nA Th 
TT EA 1 . „. r Tc. 
3 : 37 5 5. 6 5 
* 2. Pn 3 eee e 
„ 4. — -n = 3 + . — 41. * 3 7 5. 8280 7 * c. 


2.3 45 ” DoF 


8 of 5 for n when any even number. 


+ Tor. » A= 
I AD 4 = = xe. 
„„ 5 —— 
7 — * r 


BO, if x we would have the cota 17ents ad : - 
in the expreſſions of the tangents of multiple arcs, > 
we have acting mary to do, than to ſubſtitute cot. 


in the place of © 3-3. after which, it will be eaſy to 


change the 3 Table into che following one 
for the cotangents of multiple arcs. 


3 4 Cot. 


- 
1 
i 
o 
: 
\ 
i 
4 
16s 
184 
1 
1 
4 
- 
7x 
1 
174 
q 
© sf 
1 
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Cot. A cot. A. 
Cop . A= cot. — 5 A 
x cot. 4-37 tang. A A 
Cot. 3 A= OE lang * 
5 2 cot. A672 tang. A+tang.3/ A e 
— 474 fang. A . | 


Cit. 5 Az! * cot. A—10r* tang. A+; tang*. A A 


| het —10 zang*, A+tang*, 1 


Cot. 6 Aus cot. A ic r*tang. A+15r*tang?. A—tang. A 


572072 tung. N A 


And in general we thall have; 


Cat. nA= PE 
cot. TW > ang A+ A lang 3 A— &c. 
13 — pF Tn 
— — e 4. A — & c. 


by making the radius equal to unity; 5 becauſe by 


ſpecifying the radius, two ſeries would be neceſlary 
for the cotorgents of multiple arcs, according as ” 
ſhould be an even or odd number. 


51. The two laft general formulæ might likewiſe, 


it is manifeſt, be applied to the cotangents of multi- 
ple arcs, by beginning at the terms of the higheſt 


powers, ſince the coefficients are always the fame. 


We may alſo make uſe of them, to transform the 


powers of tangents into tangents of the ſimple arc 


and its multiples: thus, ſif we ſuppoſe, T, T, T“, &c. 
to denote the tangents of multiple arcs, we thall ca- 


fily obtain the following Table by ſimple ſubſtitu- 


7 tions. 


* mots „% 4 „«4é4ö ——— 
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„„ or i 5 | 
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52. It follows from hence, that in order to obtain 
all the tangents from o“ to go, it will be ſufficient 


to find them to 300: for if any arc leſs than 30 
be called B; and we have, Argo -B; we ſhall 


alſo have, 2 42602 B, and, cot. 2 A lang. 


20*+2B; and therefore, on account of the formula 


(art. 20), cot. 2 K col. A—5 tang. A, we ſhall get, 


* 


fuang. 30 ＋22 B — cot 30% —P—+ lang. 20"—Þ: from 
whence it eaſily appears, how the calculation of the 
Tables of tangents may be as much ſhortened, as 

we have already ſnewn that the calculation of thoſe 


of the /ines and coſines might be. 


FIRST SCHOLIUM. 


53. By the formulæ, which we have given in the 


preceding general ſeries, we may not only find the 


fines, coſines, tangents and colangents of multiple arcs, 


but alſo the fine, coſine, Ec. of any ſubmultiple arc 


or angle in any relation whatever; but then, it is 


manifeſt, we ſhall have equations of different di- 
menſions concerned; which, when 7 is a whole or 
commenſurable number, will be always finite, and 


admit of eaſy ſolutions by means of the Tables of 
| fines, &c. For example, if we would divide an 
are into three or five equal parts, by means of its 
fine or coſine, we need only make, /in n Aga, and, 


coſ. W A; = x, and, c =y; and the formulæ 
8 . B and 


— — —_— —_— 
r ——r — * mo 


_— — 
— 
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B and D will give the following equations, 4 * 
3X T4 =o, and, 4y%—3 r- o. In 

like manner, ſuppoſing » ſtill =3; tang. 1 A=c, 
and, cot. n Ad; tang. Ax, and, cot. A= the 

formulæ in art. 48 and 50 give, 2 — 303 — 313 
rc co, and, u'—3du*—3r u+r*d=0 : from 

whence it follows, that the triſection of an angle 
always produces an equation of three dimenſions, 
ip whatever manner its ſolution be attempted. 


SECOND SCHOLIUM. 


Fig. 7. 54. But, that we may be able to form clear ideas 
of the changes whereof the preceding formulæ are 
ſuſceptible with regard to the ſigns ; let us conceive 
a radius CA to remain fixed, whilſt a moveable ra- 
dius C M. by delcribing the circumference AB a6 _ 
A, gives the ſeveral arcs AM, Am, Ay, Sc. and 
it will appear, by taking the point A for the com- 
mon origin of all theſe arcs, as well as of their Tau- 
gems, that all the poſſible changes relating to the 
Ines, coſines, tangent 5 and cotangens, are reduced to 
8 following EE 
1 The 5 re of the naſcent arc hath 0 for its 
1 mie and its co/ine equal to radius; ; therefore, ſince 
1 | Ken. 
Pang. = g WE ſhall have tanz.=0, and cot. ©. 
29. The fie increaſes, and coſine decreaſes, from 
O to 9oꝰ; therefore the lang. increaſes, and cot. 
decreaſes, poſitively. 3% At 90", fin, R, and = 
coſ. So; therefore fang. = co, and cot. = 0. 49. 
From this point to 1809, the Fre always decreaſes « 
poſitively, and the cine increaſes negatively; there- 
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fore the zang.decreaſes, and col. increales, negatively. M 
5. At180?, ffn.=0, and ce. -R; therefore tang. 
So, and cot. — O. 09. After 180¹% the ine in- 


creates, and ceſine decreaſes, negatively z therefore 
the lang. Increales, and ccc. decreaſes, poſitively. 


ffs 
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70. At2709. fn. =—R, and me So; therefore 


tang. =— ©, and cot. = o. Laſtly, after : 


2709, the ſine decreaſes eatery and the co/ine 
increaſes poſitively ; therefore, the fang. decreaſes 


and cot. increaſes, negatively to 360, where the 


As in trigono- 


whole becomes as in art. 1. 8 


metrical calculations only n, obtuſe, or acute 


angles are made uſe of, all the conſiderations of 


ſigns are reduc'd to inquire in what caſes the for- 


mulæ, which we have given, indicate an obtuſe or 


acute angle: and this is very ſimple; for according 


to our ſuppoſitions, whenever the expreſſion of a 
coſine or cotangent is found to be negative, we are 


then to regard the angle, to — theſe ſigns be- 
5 long, as obtuſe. 


| Preparation to the glu T beorems. 


5 5. Let PE be che arc which we have denoted b 
8 A, and PB that which we have called B. From the 


point B let there be drawn the lines BK and BH 


reſpectively perpendicular to the lines DE and CP. 


Moreover, having drawn the lines BE and BO to 

the extremities of the chord EO, let fall upon theſe 
lines the perpendiculars CT and CR, terminated by 
the tangent RBT. This conſtruction being per- 


A Fig. * 


fectly underſtood, it will appear; 19 that. the uc 


BO=A +B; 2 that, BE = A—B; 2% that, KO 


en. An. B; 4* that, K E In. FE B; 59 


that, K cg, Bice: A; be that, K B=coſ. B= | 


of. A; 79 that, BI feng. 5 TA+3B; 80 th 80 that, BR 


Stang. I- B; 95 that, AL An. ANB; 10% 


_ that, CI co AAB; 11 * that, BF ſin. 2 LA—LB; 


12 that CF c= I 13* that, OM=2 CF 
=2 co. Ai; (for the a arc MO=MN ＋NO; 


. 


— z : . ¾ d ̃²— 


#55 A SIE . 


— 4 
n La 


Ione: mr oats 


na of ez 
DIY OAT gots 25 he OI 


n 


32 
— 


rere 4" 12 
8 KE Nr 
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WP | 


=2 CL=2 cof. 2K E PIB. 


AB. 
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but, NO=180*—A, and, MN B; therefore 


MO 


li . 90 — ABE; and conſequently; MO = 


2 co. ); and 145 that, in like manner, ME, 


So much being 
premiſed, the following Thooreins will be obtained 
and underſtood without any diffculty. 


Turo VII. Pt, 
556. pe Gig all things as in the preceding con- 


es, 1 joy, thet we ſhall have; 1“ Sin. Am/ih. B 
: es TA-HIBxcof. YA—IB, 40 hs Sin. Alu. 


=2 fin. TA Bc. B. e We 


DEMONSTRATION. 
' The right-angled trian Zles, MKO, CLA, are 


manifeſtly ſimilar, fince the angle at M in the for- 
mer is equal to that at C in the latter 3. and there- 


fore we ſhall have, OK : OM: : AL: AC; or, 


by ſubſtituting for theſe lines their expreſſions i in 


 fones and cofines, Sin. A+/in. B: 2 cof. 4. iB: : fn 
TA4+IB:R; from whence, by making the l 


equal to unity, the firſt part of the 1 heorem 18 de- 
duced. E. 1, D. 


2. On account of the Similar triangles, EKB, 57] 


CLA, we ſhall alſo have, EK: EB: 1 CL: CA; 


or, Sin. An. B: 2 fin. A IB: : oof. IATIB: 
R; from whence we deduce the fecond part 5 8 
5 the Theorem. QE. x D. . Ss 


ES. 2 5 VII. 
55. 7 2 moreover that we ſhall have the two two following 


equations; F 1? Coſ. A cof. B= 2 of. ABN. ; 


TAB ; 20 « G. Bc: A=2 fn. R x ſn. 


DE- 


* 
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DEMONS TRATION. 


The ſame ſimilar triangles, MKO, CLA and 


EEE, give yet the two following analoges: ; M& 
MO: CL : CA, and; BR: BE: AL CA; 


Which, by ſubſtituting the particular value of each 


term, will be thus expreſſed: Cof. A + of. B: 


2 cof. 7 A—EB:: ' coſe 4 ATB: R, and, Co/. B 


—cof. A: 2 fm EA —EB :: fn KB: R: 


from whence are immediately deduced the two. 


Equations which were required to be demonſtrated. 


CoroLLary 4, 


58. Hence, it is manifeſt that, we ſhall get, 5 
WY A _ 2 ſr A 2B X c. AB _ _ tang.) ALB 
ſin, * F 2 of EA +58 n. A TH tang. 5 n . 
Slang. ATB; cot. WAS, by fubſtiruting | . 


| bar. for = Sc. 


Convitany . 


59. Alfo, fn. A Hin. B 2 I 5 I 


. 2 00% 1A ＋ B X oe? A155 


Stang. | CK ＋ 2 B, by expunging tue quantities 


Jin. 


that deſtroy, and putting tang. for þ 2 


ConorLany 6; 


60. We wall moreover find that, 25 = 4 = . 


2 of: 7 FAIT FB x ſin. 2A — 7B 


2 %R T B Nc, A 23 


Fe. A fen: B 2 B N 


N I B "= $a A” | 2/n. 2 A ＋ 2 hin.? 7 AB a 


—_— RO YT LI ee 7 * 
— — — — ̃ ty om, re 


— IE Tk 
"ag 


—— 8 Fe A Ste ͤ 42 ABT 
222 OO = — INDSEEInY 8 


4 


PS ES Hate. MCLE pag nn nk be gy I ime vo 05 EG 
Y 8 2 3 Sd 3 
- Er - £ vols 8 


e. 2 A—EB; that : 


Fs 
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cf. B + of. A 
iis B — of. A 5 


1 and 1 


TEE B x wot. 7 1 1 
e Co R OLLARY IV. 


61. We might likewiſe find by ſimple ſabſtitu- | 
tions (though more Loans dl from what hath 
been demontſtrated 1 in art. 13, R R: ofe 5 A:: 28. - 


1A. . A, by ſuppoſing ASA + B), tha —— 
r DNFED x of THETD: of AEB 


—— ind alſo chat „ 
_ 2A 2B x of: : 3 „ NAB 5 


R. — 2 . 3 A+ TB” 
K — 2 f 3A—IB 


Moreover, we might yet 


7 deduce from the different fimilar triangles, which 8 
occur in fig. 8, a great number of other properties 


| beſides thoſe we have here ſpecified; as the for- 


mulæ which are given in art. 26, for inſtance; but 


what we have already ſhewn will, we preſume, be 
quite ſufficient for pointing out the method of ob- 
_ raining ſuch properties as we may at any time 
chance to have occaſion for; and therefore it only 
now remains, that we make ſome applications of 
the preceding formulss; to the logarithms: 


— 


A 


e. Since k, TP 1 2 fin 3A; TORE A, we | ſhall 1 - 
— 4 : cof.* 5 A or R= 1 + A:: 4.2 4 A: in. A Or 
* — %% A; and therefore, R N cf. A=4R*X 1 85 
Jin LA—4 Bus 3A, or, R X of A = RA 4 R x 
Jin.“ 1 A 4 /in. 1 A; whence, R X ce. A= R* = 6 fun 


2 K, FF I LETS, and 


9 R... VA +: __ 


—_— 


| conſequently, | > ? 2, 
e e R 2a. 1 A 15 Aw | 
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Us of ſome of the preceding Formule 1 in the Lo- 


e 


62. The formulee, In. A hf 523% 155 


60% FA—IB B and /in. A /in. B==2cof. TA +1Þx/in. 


1 furniſh us with the means of obtaining 
the logarithms of the ſum and difference of NWS 


given quantities. An example or two will con- 
vey a ſufficiently clear idea of the method of 2285 
5 ration. T 


Exanerr 1 


63. Let the irs 3467 ad 96 33 he propo- 


fed, 5 let it be required to find, from the for mu— 


la, fin. A ,in. B /n. ABN FA—3B, the 
1 logarithm of their ſum; which it is imagined can 
not be found amongſt thoſe of the Tables, (The 
proceſs would be exactly ſimilar with reſpect to any 
two other numbers, even though they ſhould con- 
tain fractions, provided their particular logarithms 
were given.) Now the firſt thing to be perlormed, 5 
in this example, is to obtain the values of the an- 


gles A and B; and to do this, I add 6 to each of 


the characteriſtics of the propoſed numbers (that 
] may be able to find the ſaid angles in the Tables 
of the logarithms of the nes, becauſe theſe loga- 
rithms have no characteriſtic below 2 Th above 9), 


75 and 1 e get 


9. 936262 1 8635 = 1 599 42 1 
9.927730 . 8407 = gs fin. 57 51' 10" ; 
and of conſequence deduce, b 3 * 60 46 59”, 


a b e e ee 


- . 8 
2 1 b —_—_— ug hg th, ARS os — — 2. — _ 
CE IR ar INI — ; 

En eo EE Er A ar 


2 A 

— 5 ne 
n e Sat 
PCPs n. - 


EE .. 


N. $547 
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This done, ; in the 9.922073=log./in.FA+3B. 


next place, ſeek the 1 of TAIY 
: an Terk of the > 9 975761 125 A1. 
fine of the firſt of . 

the laſt angles, and 20.233040 | 

that of the coſine of 42330465 log. 17102. 
the latter of them, EY 
and to the ſum of theſe logarithms add the loga- 
rithm of the number 2 ; then from this ſum I ſub- 


tract 10+6, or 16 (on account of the radius 
Which divides, and the fix units that were before 
added to the characteriſtics), and find that the 


logarithm of 7 1s equal to the remainder, 5 


4. 30 . 


ExAMPLE I. 


1 5 The fame Wend migbt reite be wade 5 
: uſe of in order to conſtruct by the logarithms an 
| Eo anna more complicated than the prececungys : 


- 


ES) L 


uch as, for inflance, this, 7x — K : where- 


in I ſhall ſuppoſe 7 to repreſent the fine total ; that 
 Ais a number whoſe logarithm 4.034723; that 
the logarithm of @ = 2. 108354, and that of þ= _ 
3.876870; and conſequently that the logarithms 
of the quantities, A*, a* and 4*= the doubles of 
_ theſe, Thus much being ſuppoſed, I firſt regard 
the logarithms of A? and a: as thoſe of the /ines 
of two angles, whoſe ſum is to be found: then I 
add unity to each of their characteriſtics (that I may 
be enabled to find their logarithms amongſt thoſe 
of the /ines), and, having found the angles Ccorre- 
= ponding to the reſuling ſums, perform the opera- 
| tion 2 


Þ * 
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tion in the bog. A? = 9. 109446 = br. fin 7 23 go = © 
log. a* = 7.216708 = - og. Hy 0? 5'40' B. 


manner an- 
nexed ; and 
ſubtracting _ 7 +1 +4 4 =. + 36. 
10 ifo 1 1 56. 
the charac- 0.301030 = be. 5 

5 teriſtic of | | 8. 014025 = = bog. ſin. } \ i 2 Ds | 
- the number LE 9. 9991 19 = = bog. 60 1A — IB, 5 
--- ee ane, 5 
get the lo- Po 2497 5 


garithm of A? +a? = 8.114974: then, again con- 
5 fidering this logarithm as that of fin. A, and add- 
ing unity thereto as well as to the logarithin of 5, 
I complete the operation as follows, by means * 
the formula, fn. A fin. B = 2 ſin. + Ai 1 B : 
e B; 85 : 


1 5 9. 114974 = . fin. 79 29 14% : IA + 1B =5$9 20 10% 
8.753749 l. ons 5 5 6 ; th ref A = 7:4 


5 ee be 8 8 5 855 8 
8.567658 = log. fin, ? * — "I'D R 4-054723 = log. 
_9-998090 = leg. cof. B. 3.10835 4 = log. a2. 
I 5 = e 2A. 
7.86778 = by: A* ＋ 4 bf, N 


17866778 = hg. DID xn: 
7.464107 = log. 4 Aa. | 
* + a? —— Ls 
AS: * 5. 


10. 402671 = log. — 


Of the 4 of the arithmeticol Complement. 


65. Before I put an end to theſe obſervations, it 
will not be 1 Improper to aſcertain the meaning and 
give a preciſe notion of what is called the arithmetical 
ee which Geometers very frequently uſe to 

convert 


„— 1 


f Ct tee ⁵LVv—ðb . 
3 0 - ? - W — 3 0 £ , 
nos ant 1 . . = A e n n * 5 as . TAs © 4s ada Fr ** — + _ * 
| EY | ; . : p * . — — > os wit df Statbite - 
ans. Late . — 5 — p 6-2 . 
Oy N I EI r — r F I ID VO , — nes Sees 
2 4 „„ en a ae r . — * - - : * 
\ k N 5 _ * 3.4 4 
— ER INIT A $4 ** — 3 


© 44 * "3 7 , 
- 6 n 7 
— 8] 2 8 > oO 


— 


ee 


_ . 4 * as — 
— ; ** SRI wr df 
882 A * ak, ous 
* A 43 Hh Þ od + Fon 
r a+ ba, $f 
A — enero ag ey — oY 
N > —— * —_— 
a 1 TO na? 1 oa 
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convert ſubtraction into addition.—And that this 
may be done, let it be required to ſubtract 754 
from 896. Now I eaſily perceive, that if I take 


the ſubtrahend, 754, from 1000, add the differ- 


_ ence to 896, and from the ſum thence ariſing take 
the figure which is found in the place of thouſands, 
the ſame remainder will be left as if I ſubtra& it 


from 896, by the common method: but, in order 


_ to ſubtract this number, 754, from 1000, it will be 
ſufficient to put down ſuch figures as make g with 
each of thoſe of the ſubtrahend, the laſt figure ex- 
cepted, which muſt always make 10, 38 18 proved 
and demonſtrated by ſubtraction; and the number 
reſulting from this operation, that is to ſay, (in the 
8 prelent cale) 240 is the arithmetical Complement ; con- 
lequently, if I add this number to 896, and after- 
Wards from their ſum, 1142, take the unit which 
. poſſeſſes t the place of thouſands, I mall get 1425 


5 tor the true een fought, 


COROLLARY. 


66. From che preceding reaſoning it follows, 1 
that the logarithms of the formulæ, cot. A = 


RR RR RR 


Ap , tang. A 2. * caſec. A 1 = &c. will 


be found by adding the arithmetical 88 1 85 
of the denominators to the logarithm of the radi- 
us; or, which is the ſame, by ſubtraRing the lo: 
2 garithms of the denominators from the logarithm : 
"of the ſquare of the. radius, which hath 20 for! its 


index. 


$SCHOLIUM. 


5 "oy; As it may be ſometimes . to make 
8 different combinations or ſubſtitutions of the for- 
mulæ which we have demonſtrated | in this — 5 

3 | an 


obliged to ſeek for them in the different articles 


wherein they are ſpecified, we hope that our rea- 
ders will not be diſpleaſed to find them all collected 
together and united under one view; particularly, 


as ſuch an arrangement will ſerve to refer to, when- 


ever, in the following parts of this work, we ſhall 
have any ſubſtitution to make. We have taken 

the greateſt care poſlible to preſerve throughout the 

homogeneity of the terms, that we may be enabled 


to apply theſe formulæ, as occaſion ſhall require, 


with the utmoſt Preciſion and the teat danger of 


be; miſtake. 


5 4 general 7 able i the Feel, denerated in s this > 


_ Chapt, er. -: 


68. Sin. 4 e ſo. A: tang. 4 LA =. ; 


1 jp. A (art. 7). 


689 , 3 5 = tang. A rt 9) = Wy 3 A 
bar 15). . h 
3 70. — — Seb, A Cart, 10) = =: e 
TS Sin, 2 A 2 1 55 A (art. 13) 
8 : _ 2? 4 . 7 
of, 2 A= OY | 
hp Sin. 2A 4 BR — 2 fi 
ES Lg ON ot fr on oh 
255 = Sin. 2A = 2 2 e — RN 0 : 
> SI I (art: 1. ks . 


74. RT e A 0 . He Fler 21) 1 


: fr A (art 22): . A 2 n., 45 HA. 
75. R 


* 
"0p 
7 W 
, 1 
= We; 
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and as it would frequently prove inconvenient to be 


2 n 
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23A fin. A N a 3A | 
75. R—aſ A = p34 = fo. R 


(art. 21.) = fin. V. A (art. vu: R—ſnA= 
2 fn* 459 — 1 K. 


R ＋ co A ot. 2 A. R — of A , . 2 4 A 


785 W "RR. = pu cf A "RR 5 
Cart. 22). „ 
m7. e ve SOIT). 
78. Tang, 8 N g ber, 20). 
| 79. Cet. A= ” TID A 7 = (49). 
; 90. Se A => . Th _ a (art 15 and6g). 


81. Coſee A ==, * (art. 15). 


Seer KR fw- AXE, 
82. che. R 5 = A: tang. A (art 16). 


| 83. Sec. A = cot. 5 & comp. A — tang. A (art. 15 - 
= tang. A = tang. + co comp. A (art 19) C 
cot. 45 3 S — _ 3 2 + Ls 45 5A 5 


2 


"uh Coſec. A A * cot. L FA cot. A (art. 18) = 


5 col. A ik. a (er. 15 7 e . 


2 


25. Sin. LEE . Axc/BE AX fn-B 


* (art 23). . 


26. -en ( at M 5 


> = Sin. A ＋ B +. 3 tang. A + tang. * 


Sin. A I». lang. A — oy” p (a art. 25) = 


_— 1 (or 61). 


0 


T [GONOMETRY. A 
IN 
e OoCN 
R+ V2 fon ASL EAFEBXR—/2 for SAEED 
R+ Vr ſin. B e ADB 
R*—2 /n. KEN LA+EFB | 
R—2 fin." 3 7 60. „ 
89. Sin. TK A Vn. 30 ox 45 27) | 
90. Coſ. 30⁰ᷓ /. 305. —A—fin. o 
3 A. Sin. A+ fi 1. B 2 fo Mm. TAHBX cof.. 2 Ap 5 
. . Sm. ai. B= 22 55 AH . | 
93. 2 TB Tae 5 
art. 37). . | 
— of Cu. B—cof Aal. . i B — 


— cot. B ang. A 5 
10 78 cot. B + vgs . A re ) Md 


88. 


Sin. A+for.t B _ tang. TED TB . = Fo | ; 
Sin. A 5 er In IG 55 8 N 
587. Tren — ba. AFB (art 550 8 1 5 0 
Sin. Ay SC. = | 5 ( 
OO BEA = cot. AI (art. 56ands7) „ 
8. Sin. A—; Au. B 95 

9 Oe l 5 = tang. 5 Fe (art. 60). i 
9 Fran = .ZxHb(d). X 
| Coſ. B+co/. 4 cot. Nn B, ff go J= © feeeb Ame. B 1 : 
C/ B—co/. 1 * | ” ang A5 . Tec. A ec. 3 1 5 | | | 14 
1 101. Sin. A n. B feet =- AN 
Cort. 26). FFC ͤ 6 * EN 


5 100. 
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102. Sin. A x coſ. B 2 in. f ſin. Ap 
(art. 26). „ 
04+ Cf: AX fn. B. B- B 
. 
5: = YOU ct Ax B=E of AFB+k af, AB 

(49). 


105. 25 ak I = 


lang. * rang. BxR* 
R* —cang. AX tang. 8 B 


5 e BNR2 
106, 7, 2 lang. g 40 
| Tn * = K AXtang. B (C ). 


| 4” WET AxR 3 
10%. Tang: K . ? = N 5 : 


(art, 49). 


beta. 


Ter: A+R_ 5 LY _ 


(0), 


TRIGONOMETRY. zA 
8 CHA P. IT. 
7 Containing the general Properties of . or 
 oblique-angled ſpherical Trian les, and their 
| Refolution by pets 


8 e TION I. 
E ſpherical 7 riangles in berral. 


Nee ee 
109. N portion of a ſpherical ſurface, 


bounded by three arcs of great circles 3. 9- 


is called a ſpherical T angle. - 


COROLLARY. 


"Axe. Hence it follows, that the ſmall circles of 
- the ſphere do not fall under the conſideration of 
ſpherical Trigonometry, ſince ſuch only are uſed 

: fe. as have the 8 centre with the ee it- 
. Every ſpherical, as welt as plane canal. 
=] hath eſſentially three ſides and three angles: and if 
any three of theſe ſix parts be given, by the rules 8 
0 e the reſt may: be found. 8 


sc HO LIV X. 


112. In plane Trigonometry, the knowledge of 
. che three angles is not ſufficient for obtaining the 
three ſides; for, in this caſe, the relations only 
of the three ſides can be had, and not their abſo- 
lute values; whereas, in ſpherical Trigonometry, 
where the ſides are circular arcs, whoſe values de- 


zend on the number of degrees they contain, when 


thet three angles a are given, the ſides will alſo become 
5 11 . Known. 


, SPHERICAT 


Pi TRY 


k nown . 


But there is yet another more remark- 


able difference between plane and ſpherical Trigo- 
nometry; which is, that in the former, two angles 
always determine the third; whereas in the latter | 
they never do: and therefore it follows, that the 
definition as above ſtated is in ſtrictneſs applicable 
only to ſpherical Trigonometry ; as will more 
clearly appear from the ſequel. 


113. The ſides of a ſpherical triangle are all arcs 


of great circles, which, by their interſection upon 
the ſurface of the ſphere, conſtitute the ſaid triangle. 


114, The angle, which is contained between. the 


arcs of two great circles cutting each other upon 
the ſurface of the ſphere, (and already defined to 
be the ſides of a ſpherical triangle), is called a 


Fpherical angle; the meaſure whereof ! is known 


5 from the Elements of Geometry to be equal to that, 
| which is formed by two lines iſſuing from the fame | 


point of, and perpendicular to, the common ſec- 


„tion of the Piancs which determine the containing 


ſides. 5 5 
2 COROLUEARY.. 


11. Hence it follows, that the ſurface of a 
ſpherical triangle, BAC, and the three planes which 
determine it, form a kind of triangular Pyramid, 
BOCA, whereof the vertex, G, is at the centre of _ 
the ff phere, the baſe a portion of the ſpherical 
; 1 whilſt its faces, AGC, AGB, and BGC, are 
parts of great circles or circular ſectors, and at the 
ſame time form the ſides of the triangle, BAC. 


116. A line, as PGp, perpendicular to the 


plane of a great circle, paſſing through the cen- 
tre of the ſphere, and terminated by two diametri- 


cally oppoſite points at its ſurface, is called the 


axis of ſuch circle; and the points, P, p, where 
the ax7s meets the ſurface, are called the poles there: 


. 


TRIGONOMETRY. ; 
of Moreover, if we conceive an infinite number 
of leſſer circles, parallel to the ſaid great circle, this 


5 


axis will be perpendicular to them likewiſe, and 


the points P and p be their poles allo. 


Conortany J. 


Hence, each pole of a great circle is 90 


5 diſtant from every point in its circumference, and 


all the arcs drawn from the pole of a little circle to 
its circumference a are cqual to cach other. 


ConorLary It; 


© 118. Tt Chew follows from hens” that all the 


arcs of great circles drawn through the poles of 


another great circle are perpendicular thereto; 
for, ſince they are great circles by the ſuppoſition, 


they all paſs through the centre of the ſphere, and 
conſequently through the axis of the CAL circle. 
The ſame thing may be nene With reſpect 0 


mall circles. N „„ 


Corollary III. 


„Therefore, in order to find the poles of 2 any 


"A. we need only deſcribe upon the ſurface of the 


ſphere two great circles perpendicular to its plane; 


and the points, where theſe circles interſect ea ach 5 


other, Will be the poles required. 5 


Corortany IV. 


120. It moreover follows from hence, that if 


from any point taken upon the ſurface of the ſpherc 


48 


we would draw an arch of a circle, which may 
| meaſure the ſhorteſt diſtance from this point to the 


circumference of any given circle, we mult fo de- 


ſeribe this arch, chat its Prolobgation may pals _ 


thr duga 


2 
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through the poles of the ſaid circle: and contrarily, 


F g. 10. 


greater than the third. 


if an arc pals through the poles of a given circle, 


it will meature the ſhorteſt diſtance from any al- 
ſumed point to che circumterence chereof. 


i V. 


121. If upon the ſides, AC and BC, of a ſpheri- 
cal triangle, BCA, we take the arcs "i Land CK, 
each 90%, and through the radi}, GL and GK, draw 


the circular plane LGK, it is manifeſt, that the 
oint C will be the pole thereof; and as the lines, 


GK, GL, are both perpendicular to the common 
ſection of the planes, AGC and BGC, they mea- 
fure by their inclination the angle of theſe planes, 
and of conſequence the b angle BOA like- > 


wiſe. 
| Con L AR YT VI. — 
122. It is alſo manifeſt, that every : arc of a lefter 


circle dejcribed from the pole C as centre, and 
containing the ſame number of degrees with the 


arc KL, is equally proper for meaſuring the angle 
ACB; though only arcs of great t circles a are uſed 
for this purpoſe. . 


CorolLarky VII. 


123. Therefore, if a ſpherical angle be right, the 
arcs of the great circles which form © it, paſs mutually 


through the poles of each other; and if the planes 
of two great circles contain their reſpective axes, or 


paſs through the poles of each other, the angle 


which they comprehend i is a right one. 


1 l I. „%% a9. 
124. 1 4 150 fides of a ſoberic, al ria gie, BAC, are 


— 8 ond 


— 2 — ban} — 


1 


2 
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DEMONSTRATION. 


This propoſition is a neceſſary conſequence. of 
this; that the ſhorteſt diſtance between any two 
points, taken upon the ſurface of the ſphere, is the 


arc of a great circle paſſing through theſe points. 
e D. RY 


3 0 — PR - ö d 1 —— — — cv mares Ca en —— —E—ñ—ü ua 2 
: to - | 2 
— me * er * = 
” we * 2 2 1 r = — 1 
2 — * ES — — $A by — . : 


THEOREM II. 


28. The ſum of the three 2 of ory ſpherical 
triangle i 15 leſs than 300” OR] 


þ 
. 
4 8 


. 


= —— 3 — 7 po. 2 
WG 


DEMONSTRATION. 


Let the ſides, AC and BC, containing any angle A 7. 10, 
be produced till they meet again in D; and the: arcs, 
DAC, DBC, will be each 1809, fince all great cir- 

dles cut each other into two equal parts: we ſhall 
therefore have, DAC DBC 3609 : but, by the 
laſt Theorem, DA and DB are greater than A. 
and conſequently the three ſides, AB, AC, and BC, | 
when taken together, leſs than 3609. * „ 1 


Turorts III. 


12 6. 7 be ſu: n of the three angles of any iobericol . 
1 angle 15 mou than two right __ aka tes than 55 


A. 


3 35 Gr nt 
r 


DEMONSTRATION. 


If the ſides, AB, AC, and BC, of the bertel : 
triangle, ABC, be ſuppoſed indefinitely mall, the | g 
interſections, formed between the plaries which de- 5 | 
termine theſe ſides, will approach indefinitely near I 
to right lines, and the ſpherical ſurface indefinite- 
ly near to a plane ſurface : therefore, the ſaid tri- 
angle may in this caſe be conſidered as a plane tri- 


angle; but it is well known, that the angles of 
ſuch 
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ſuch a triangle are equal to two right ones only; 


and dane e whilſt the ſides of the ſpherical 


triangle, ABC, are of a finite magnitude, the ſum 


of its angles will DE always greater than two right 5 
angles. Q. E. 19. . 5 
2. It will readily appear from an inſpection of 


8 the 10th fg. that cach angle of the ſpherical trian- 


gl le ABC may be obtuſe; bur at the lame time ſuch, 
that the arc which is the meaſure thereof may be: 


leſs than 180? ; fince then the angle vaniſhes : there- 
fore, if we ſuppoſe all the angles of the ſaid trian- 
gle obtuſe, their ſum cannot R be ever 

5 equal 1 to fe right ones. Q. E. 29D. | 


Cokotrans L 


127. Hence it follows, that a ſpherical triangle 
gay have its three angles either right or obtule ; 'F 


and therefore, the knowledge of any two angles is 
1 lufficient tor diſcover} ing the value of the third 


Cen n I. 


128. if the three angles of a ſpherical triang! 5 
be right or obtuſe, the three ſides are likewiſe Cal N 
to, or greater than, go? ; and if each of the angles 7 


be acute, each of the ſides is allo leſs than $9" 4 


and contrary. = 
SCH 0 LI U M. 


129. From theſe Theorems we may perceive, 
what the difference between plane and ſpherical 
triangles in reality is. But if, in ſome caſes, 
their difference is ſo great, yet, on the other 


hand, there are ſeveral properties, which are 


common to ſpherical with plane triangles, and 


which are demonſtrated exactly in the ſame man- 


ner. Thus, for inſtance, it might be here proved, 
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(as well as in elementary Geometry), that two 
_. ſpherical triangles are equal to each other: 19, 
When the three ſides of the one are equal to the 
three ſides of the other; 2%, when they have an 
equal angle contained between equal ſides, and 36 
when they have equal angles above equal bales. 
We might likewiſe ſhew, that a ſpherical triangle 
is equilateral, iſoſceles or ſcalenous, according as 
it hath three equal, two equal, or three unequal, on 
angles; and contrarily; and laſtly, that the greateſt 
fide is always oppolite to the greateſt angle, and 
the leaſt ſide to the leaſt angle. The Demonſtra- 
tions of all theſe truths are exactly the ſame with 
thoſe in the correſponding caſes of plane triangles, 
ſo that it will be Judged aan to ſpecify 
them in this Place. 


_ Tae zu IV. 


130. I, from the three angles, B, A and ©, of a Fig 2.11 


ſpherical triangle, BAC, as poles, there be deſeribed 
upon the ſurface of the ſphere three arcs of great circles, 
DF, DE and FE, which, l y their interſections, farm 


enother ſpherical triangle, DEF; each fide of this 
new triangle will be the ſupplement to the angle which  _. 


is at its pole, and each of ils angles the ſupplement 40 
tbat. ſide in the triangle BAC, whereto it is oppoju 3 


DEMONSTRATION. 
Tet the ſides, AB, AC and BC, of the triangle 
: BAC, be produced till they meet thoſe of the tri 
| angle DEF in the points, 1, L; M, N; G, K: then, 
ſince the point A is the pole of the arc DILE, the 8 
diſtance of the points A and E will be 900 ; and, 


ſince C is the pole of the arc EF, the points C and 


E will likewiſe bego? diſtant; therefore, by art. 117. 
the point E is the pole of the arc AC. We might 
prove, in like manner, that F is the pole of . 
and D that of the arc 1 — This conſtruction 
yy ART 5 being 


and IE oo; ; and therefore, DL+IE, or DL+EL 
IL, or, DE+IL= I180e,; conſequently, the arc DE 


„  SPHERTCAL 
being well underſtood, we ſhall have; PI. O, 


-*..3 the ſupplement to the angle BAC, meaſured by 
the arc IL (art. 121). We might prove, in the 


ſame manner, that EF is the ſupplement to the 
angle BC A, meaſured by the arc MN, and 
that DF is the ſupplement to the angle ABC, 
meaſured by GK : whence 1t follows, that each 


fide of the triangle DEF is the ſupplement to the 
angle in 5 triangle BAC, which is at its Pole. 


Q. E. x9; 
2. The ks of the ſame nigh are Lappe 
mental to the ſides of the triangle ABC: for, ſince 


| the arcs AL and BG are each go”, we ſhall have, 


ALTBG, or, GL+AB= 180? ; but GL is the N 
meaſure of the angle EDF, by art. 121, and conſe- 


quently AB the ſupplement thereof. We might 
prove in the ſame manner, that AC and BC are 


the ſupplements to the angles at E and F: where= 


| fore all the angles of the triangle DEF are ſupple- 
mental to the ſides 8 to them 1 in he trian- 
gc BAC.” BB 29. DP. | 


Fig. 12. 
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SECT. 1 


of the Reſelition of right- angled e T riangles: 


Preparation to the following Theorems. 


x31, Let GBPQ be a pyramid, compoſed of 
four right-angled triangles, GBO, GBP, GPQ 


and BPQ; and let, AB, AC and BC, be three 


circular arcs, deſcribed from the centre G with 
the radius GB, and evidently forming a ſpherical 


Itriangle, BAC, right-angled at A; ſince the planes, 


GP, GBP, are perpendicular to each other: 
then, if we make the radius equal to unity, we ſhall 


_ eaſily obtain the values . in the W 


Table, 


3 


132. In 
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132. In order to ſhew how theſe ſeveral expreſſi- 
ons are demonſtrated, it will be ſufficient to give 
the demonſtration of the firſt line only. And to 
do this, I aſſume any line, GR, which I regard 
as the fine total of the Tables ; then I let fall RS 
perpendicularly upon GB, and, it is evident that, 
this line will be the ine of the arc BC, and GS 
the coſine thereof. This being premiſed, the ſimi- 
lar triangles, GRS, GQB, give the two follow- 
ing proportions; QG : QB::GR (1): RS in. BC 


= and, BRD 
85 from whence I immediately deduce, bag. BC 


30. 


2 
= and, cot. BC= = 5: the other expreſſions 


are demonſtrated cu in the ſame manner, - 
To prove the truth of the following Theorems, 
the particular values of the terms of che proporti- 
ons to be demonſtrated need only be ſubſtituted, 
and there will be always found a perfect equality 


ſubſiſting between the product of the extremes and 
That of the means. 


1 TEK +. 


Fig. 13. 133. In any right-angled ſpherical wine: BAC; 
the fine total is to the ſine of the hypothenuſe, as tbe 
ine of either angle is to that of its oppoſite CE and 


contrarily. 


N. B. By this Thomas: the expreſſions of the : 


fine and coſine of the angle BCA were obtained; as 
well as thoſe of its tangent and cotangent. ON 


'TruzorEm II. 


13 4. In any right-angled ſpherical feud We ſhall ; 
: always bave 3 as radius is to 0.66 cofine of either angle, 


i: 
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fo js the tangent of the hypothenuſe to the tangent 7 
the leg adjacent to this 2 that is, R: c. B: 
tang. B C: tang. A B, or, R : oof. Gt : Jang. BC: 
rang. AC. 5s 
| Tx HEOREM III. 


135. .We ſhall likewiſe have in every right-angled 
ſpherical triangle; as the ſine total is to the coſine of 
one of the legs, ſo is the coſine of the other leg to that 
"> ang hypothenuſe ; or, which is the lame, R 600. = 
: : co. AC: buf. BC. 


n IV. 


136. We ſhall moreover have ; as radius is to the 
fine of eitBer angle, ſo is the coſine of the adjacent 5 of 5 5 
the co ſine of the other angle; or, R: ſin. B or. in. C Do 

ee WE OY e cof. C or cof. B. 


THEOREM V. 


5 137. A. radius is to the ſine of one of the legs, obs : 
the tangent of its adjacent angle to the tangent of the 
 _ other leg; 6r, R: fin. AB: : tang. B: tang AC, and, 
Oo fin, AC: lang. C: tang. AB. 


THEOREM VI. 


4 38. 7 be radius is to the cotangent of one of the an- 
geiles, as the cotangent of the other angle is to the coſine 
f the hypothenuſe , or (which comes to the ſame). 
the radius is to the coſine of the bypothenuſe, as the tan- 
gent of one angle is to the cotangent of the other angle; 
that is, R: cot. B:: cot. C: coſ. BC; or, R. bs 
+4 5 B: cot. ©: lang. C: cot, B. 5 


ä L 


2 39. From the ſecond Theorem it follows that, 
Vf two right · angled en triangles have one leg 
; common; 


common; the tangents of their hypothenuſes are in 


cent to this leg. 


| tows that, if two right-angled ſpherical triangles 


that, if two right-angled ſpherical triangles have 


one leg common; the cofines of the angles oppoſite 


Fe 


rem that, if two right-angled ſpherical triangles 
have one leg « common; the ines of their other legs 

are reciprocally as the tangents of the angles above 
5 ew legs. | 


pothenuſes are as the ſines of their legs oppoſite to 
this angle, and the 7angents of theſe legs as the 
fines of the legs adjacent to the ſaid angle. 
The firſt of theſe truths is a direct conſequence of 
the firſt Theorem, and the ſecond of the fifth * 


2 edition. 
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the inverſe ratio of the caſines of the angles adja- 


Corottany. ; i 
140. From the third Theorem it likewiſe fol- 


have one leg common; the co/ines of their hypo- 
— are as the cofor Ines of their other legs. 


"Corotitaky III. 
141. It alſo follows from the fourth Theorem 


to this leg are to each other as che fines . the ad- 


"Conortany IV. 
142. It moreover follows from the fifth Theo- 


CoROLLARY v. 


143. Laſtly, if two right-angled ſpherical trian- - 
gles have one angle common; the /ines of their hy- 


SCHOLIUM. 


144. The fix preceding Theorems contain 
whatever | is W for obtaining the ſolutions of : 


. —— 


+ See 3 L Elements of Trigonametry, 5 p. I 58, &e. 
EG | all 


\ | 
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all the poſſible caſes of right-angled ſpherical trian- 
les; as we may be eaſily convinced by Tad. I. at 
the end of this Chapter. However, as there may 
be ſome difficulty in retaining, as well as ſome dan- _ 
ger in confounding them, we ſhall alfo add the fa- 
mous Theorem of Neper, whereby they are all re- 
_ duced to two general caſes, that may be very eafily 
remembered, provided we perfectly underſtand 
the following definitions ; which are abſolutely 
neceſſary to convey a juſt idea of its nature. 


DB. F-IN-FT-1 © N-S.-- 
145. When three parts of a right-angled ſpheri- 
cal triangle are ſo ſituated, that two of them imme- 
_ diately touch the third, or are ſeparated from it by 
the right-angle only; theſe two parts are ſaid to be 
adjacent to the third, which is called the mean or 
146. But when three of the parts of aright-angled 
ſpherical triangle are ſo ſituated, that between one | 
of theſe parts, conſidered as the mean, and each q 
of the other two, there is always found ſome other 
part of the fame triangle; then are theſe two parts 
ſaid to be ſeparated ——The right-angle is not ſup- 


poſed to ſeparate its contiguous parts, —— This | 

1 þ 
| AB 1 tines ACEB and the FBCE&C, 

If the [AC VU] AB&C ſcparated] B C & B. 

middle BC es er & C ones, or AC & AB. 

5 parts be i B To - OF I ARCO extremes | AC&C. 


C Jun, ill be ( AC&BC gun, CAB&B. 


GENERAL THEOREM. 
147. If, in any right-angled ſpherical triangle, the 
complements of the ſides containing the right-anele be ſub- 
fiituted for the ſides themſelves, wwe ſhall always 2 


"6 
- 


adjacent parts, or to rbat under the Jin nes 01 the * f 


8, thoſe of the ſeparated parts; ſo that the truth of 
the general Theorem is demonſtrated by that of 
the particular Theorems correſponding to thoſe 
caſes However, it may likewiſe be proved from 
the Table in art. 131, by ſubſtituting for each par- 
ticulak term the values therein ſpecified: thus, for 
inſtance, if we would demonſtrate the firſt line in 


Zang. ACXcot, Bin. Bm. C. Now, by taking 
the expreſſions hos 1 lines, as given in art. 1 31, 


we ſhall get, Rx = GPxQP CEO BR all 
which become e the ſame, after expung- 

: ing the terms which deſtroy in the two laſt frac- 
tions. 
other . ; fo that we may very juſtly conclude, 
that our Theorem is true in all Poſſible caſes, 


QE. D. 
5 07 the 21 75 of the Pn of a breach 55 . 


the ow 110 Sc. 55 


or FAG, the angle 70 above the hypothenuſe are always - 
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the reftangle under the fine total and cof fine of the middle 
part, equal to the refangle under the cotangents of the 


rated Parts. 


D E 0 s TRATION. 


We have taken gare to particularize j in the Table 
for the ſolutions of right-angled triangles all the 
caſes of this Theorem, denoting by A, the caſes 
which have;relation to the adjacent parts, and by 


art. 146, \we_need only prove that, Rx/in. AB= 


ENB BQ NBP& GQ 


It would be the ſame with reſpect to the 


Triangle, with regard to the Sides which contain 


T HE O R E M. 
148. In any right-angled ſpherical triangle, BAC, a 


"A 
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of the ſame affeftion with their oppoſite ſides, 22, the 
hypothenuſe is leſs or greater than 4 quadrant, eccord- 
ing as the legs containing the right-angle are of the ſame 


or different affeftion ,, that is to ſay, according as they 


are both acute or Pens or ths e one acute end the other 
ovinſe. 


DEMONTSRATION. 


If the fides AB and AC be each go® ; then; 
ſince the angle A is right by ſuppoſition, the 

points B and C will become the poles of the 8 
AC and AB; and conſequently, the angles B and C © 
be both right, (as being meaſured by arcs which are 


ſuppoſed oo); that is to ſay, of the ſame affection 


Which is oppoſite to it, is acute. 


with their oppoſite ſides Moreover, if the legs AB 
and AC be both acute, the angles which are op- 
poſite to them will be ſo likewiſe; as may be ea- 


 fily proved thus. Let the fide AC be produced to 
F, ſo that AF may be go? ; then, as the point F 


will, by art. 117, be the pole of the arc AB, the angle 
B will be alſo 90®; and conſequently, the angle 
ABC, which is lefs than the angle ABF, neceſſa- 

rily acute. We might prove, in like manner, 
that the angle at C is acute, when the ſide AB, 
It is equally 
manifeſt, that the angles B and 55 in the triangle 
Ba C, right-angled at a, are obtuſe when the ſides, 
aB, 285 which are oppolite to them, are obtuſe. 
If one of the ſides Ab is obtuſe, and the other 


_ de AC acute, as in the right-angled triangle AC, 


the angle at C will be likewiſe obtuſe, and that at 
= Þ: acute. For, having taken upon AB the arc AG 
900%, and drawn from the point G, to the point C, 
the arc GC, the angle ACG will be right, by art. 
118. ſince G is the pole of the arc AC; from 


whence it neceſſarily follows, that the angle ACb 
will 
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1 will be obtuſe For the ſame reaſon, the angle 
4, inthe right-angled triangle baC, will be obtuſe; 
ſince it is oppoſite to the obtuſe fide C; and con- 
ſequently, the ſupplement thereof AUC acute ; 
that is, of the ſame affection with 1ts oppoſite ide. 
Therefore, in general, the angles above the hypo- 
thenuſe are of the ſame affection with the ſides 
which are oppoſite to them. Q. F. 19. D. 
29, It is evident, that BC, whether conſidered 
1 as the hypothenuſe of the triangle BAC, or that of 
1 the triangle BeC, is leſs than BF; and that the 
| . hypothenule C, in the triangle baC, is greater than 
1 E: from whence it follows, that the hypothenuſe 
| | of any right-angled ſpherical triangle is always leſs 
WW! than 909, when the two legs are of the ſame af- 
_ fection; and greater, when they are of different, 
1 8 QE. 5 
Wilt It Will caſily appear, that the mk of this 
den is true in all its parts, viz. that, if the 
angles above the hypothenuſe are of the ſame or 
different alſection. their oppoſite ſides will be fo 
likewiſe ; and that the legs are of the ſame or dif- 
ferent affection, according as the hypothenule is 
leſs or greater than a quadrant; but one or both 
of them 90®, When it is exaety; a quadrant. = 
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149. 7 be bypothent) e, BC, of 2 right- angled Ebe- 
rical triangle, BAC, tepether with the fam or aference 
of the two legs, AB aud AC, 1 e ; to delen- 
nine the Tang 5 


8 0 1 U T 1 0 N. 

1 1 Since we have, by art. 135, R: coſe. A B:: 99 
= AC : cof. BC, we ſha'l alſo have, of AB X cof. AC 
=_ > BC. But, by a t. 104, 25 ABX co/: AC 


14 1 #1 7 
. s * bo. ng, 
|| 5 1 : 
WA - ' . 
| : : 


OE 
— 
GI 


8 


2 
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= Teo ABR 60% AB—AC; and, gonſe- 
quently, 2 R BCA AC co/ AB AC, | 
or, 2Rxcoſ. B MO PO AO g . 
5 E. . 

N ET: O R L. L A R 9 415 


130. Hence, if the legs be 3 we e ſhall 
have, 2 of. B CR coſ. 2AB* or of. 2 AC; 
which ſhews us, that in this caſe, the coſine of the : 
double of either of the legs is equal to twice W . 
cue of the e lels the fine total. 


PropreM II. . 


= 131. Given oe of the legs, and the 22 or Aer 

ence of the by a and ohr leg tw 7 5 Foe 4 _ 

PO . 

| 5 0 L U * 1 0 N. e 
Since we has, by art.125, R: coſ. AB: : co. AC 


: cof. BC, we ſhall likewiſe have, componend, et dvi. 
dends, R + coſ. AB: R cof. AB : : of. AC-toof. 
| BC: oof. KY BC; which, by: oft. 76. 55 100, 


becomes, cot. lang. Tis Cot. - - "Ig lang. 5 
B "AC . 
up ; from NY it follows, chat, if we know 


the * or difference of the hypothenuſe and one 
leg, we ſhall be able by this analogy to find the 


difference or ſam of the hypothenuſe and other 8 
leg. ; 


. * 
-= NEE 


* Beca 2uſe, . Ae a AC —R Xeof. 50, . e 
hy oof. AB or c. AC=Rxco/. BC: but, by art. 92, co. AB 
or coef? Af ESE 2AB : .R — 8 

2 * F | 
and therefore, 2 62 BeH, 2 AB or co/. 2 AC. 


3 . P Ro- 


2 — — — — — 
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—— — - ee eIES = 
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ſily a 
we ſhall have, R= : tang. 2 z B O. + tang z BC : of. 
: 2 B or 1 2 C. 925 E. I. 5 | | | 
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PROBLEM 1 i th 


15%. One of the engles above the Invethenuſs, 
with the ſum or difference of the hypothenuſe and adja- 


cent leg in a right-anzled ſpher ical i Ban given; 


to arte 7 mine the triangle.” 


8 © L U T 1 0 ä 
Since we e have, by art. 1 34, R 05 B: | fangs : 


BC : tang. AB, we ſhall alſo have, e ea. 
dividendo, R + co/. B. R- B:: tang. BC + tang. 
AB: tang. BC Lang. AB; which, by art. 76 and 


87, become, cot. 4 B: R*, or, cot. 1 B: lang. . 


fn. BC#AB: 5 BC—AB. K. I. 


Problem IV. 5 
7 152. n the bypothenuſe, and the ſims or differ 9 85 


5 1 of the angles above the Hopes t nd Teeſe - 
5 angles. 1 : 


SOLUTION. „„ 
By art. 138, we have, R: coſ. BC : : tang. C: 


cot. B; which, by proceeding » as in the laſt Pro- 
blem, gives, R* : fang. 


col. RC: 0% % 
BTC; from whence 5 5 required is ea- 
-But, if the two angles be equal, 


8 


, erase, R : cof. BC : : rang. c : Cot. B 1 c: ers. 
90 B, we ſhall Il likewiſe have, Rt+co/. BC : R- co. BC: 


rang. CHrarg. go9%— 09—B : tang. C—tang. 90⁵ B; and 8 
quently, by art. 76 and 877 R R lang. IBC:: An, C+9g09%—B* 


fon. C—99+B: 6 B — B—C 6% B＋C. 
PR o- 
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PROBLEM) V. 


164. 6 ven in two right- angled ſpherical briangles, Tie. 14. 


BAC, BDG, which have one angle common, the wake] 
8; and DG, oppoſite to this angle, with the e fum or 
difference of their e to determine 500 471. 


angles. 


8 0 1. U T I O N. 
Since, by art. 143, An. DG: fin. AC: : fin. BG: 


Fe. BC, we ſhall likewiſe have, componends et divi- 


daendo, fin. DG + nu. AC : /n. DG — In. AC: 3 
BG+/in. BC : : ſn BG An. BC, and confequently, 


8 DG+AC he. e 

by art. 9 5. — 55 219 . Lang. 
BBE BG— Bo. | 
l : tang. er wage from whence the ſolution 5 


ES of the Problem will be very caſy, ſince chree terms 


5 in this beer enen will always be known. EE L ; — 


PROBLEM vi. . 
1 155. It there be fill two. right-engled ſpbe ice 


5 triang les, which have one angle common, and let the 


legs oppoſite to this angie with the ſum or difference 
of the adjacent legs be een ; to determine the trian- 
W e | 
8 0 1 T + 0 N. 


| Since we have, by art. 143, fang. DG: lang. 
AC : : Au. BD : fu. BA, we ſhall likewiſe have, 
tang. DG+taneg. AC tang. D Gang. AC: fin. 
Bun. BA : jm. BD—/in. BA; from whence we 

5 deduce, by making ſubſtitutions ſimilar to the pre- 


15 BD + BA. 
1 5 ceding, in. DG+aC:/ fin. DG—=AC: bang. —, 


B 
Dt . . 3 


+2 tang. 1 875 
3 Sec abe 8 Trigon ometry, pb. 69, Kc. 
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T HE OR E M I. 
1156. Is: any fob. Cruces friengle, BC, the fines * 
the ans les are io eacò other ace FJ. 25 Lb 2 2 of their 


poof e fices. 


DEMONS TRATI O N. 


From any angle, A, of the ſpherical triangle BAC 
Jet fall the arc "AD pe! mendic larly uon the daß 
BC: then, in the ri he anzled jpheri cal triangles, 
BA, CAD, we ſhail have, by , , N 
Vn. AB: : ſin. B.: fin. AD, and, R n. AC: 8 
- ith C: Vn AD; whence we immedia atcly deduce, 
In. AB fn. B ſiu. AC Nn. C; and co nſequentiy 55 
this ö 5 Sia, 15 . Ea 225 AC: On AB. 


5 F „ F 1 N * 1 1 0 N 8 | 
The angles, BAD, CA D, which the 1 


At C, containing the angle BAC, form with 


©"ahe- PE rpendicular, are called the ſer ments of the 


B C. contained between the points 


Within or e the t 


vertical angle; whether the perpendicular falls 
angle BAC. 
29. In like manne 5 5 parts, BD, DC, of tlickie = 
8 C and the 


point D, where the perpendicular AD meets this 


de, arecalledthe ſegments of zhe bſe; whether the 


_ baſe be produced or not. 


39. With regard to the ſegments. BAD, CAD, 5 


| of the angle BAC, the containing ſiles, AB, AC, 
will be calle ed adjacent parts, as being ſo in effect ; 


bur the angles, B, 5 above the baſe. BC, /e Sporated 


. 5 


TRIGONOME'TRY, 7t 

parts, ſince between theſe angles and the ſaid ſeg⸗ F 
ments are found the ſides, BA, CREE: 
4%. With reſpect to the ſegments, BD, CD, : 
of the baſe, the angles, B, ©, will be odjecent 
parts, and the {ides, BA, CA, ſeparated Ports. 
This being premiſed, it will be ealy t9 remember 
the two parts of the following T heorem. 


Turo run 11. 


158. i fr rom any angle, A, of 0 ſpherical trian- 
+ es BAC, we len fall a perpendicular, AD, upon 
the oppoſite ſide, BC, ( produced if Larcher 75 Doe ape 
alwoys hover 
19. The fines of the ſeaments of this angle as the co- 

: 6 Ines of the ſeparated parts; and the coi nes 1 as 
the cotangents of the odjacent . 
2% 7. be 6 fines of the Segments. of the boſe as the co 
5 tangents of the adjacent parts; and the Cofenes thereof = 
©... WE ihe cines of te fe eparated Paris: . 


1. Sin. BAD An. CAD: of B:of 5 e 


20%, C/ BAD : cf: CAD: : cot. AB cel. AC. 
en, BD %: cot, Ba. C.. 
Co. BD: Cop. TD: : Cof. AB: c AC. 


3 


5 chat is 
5 


DEMONSTRATION. 


1 the right-angled ſpherical triangle BDA we 

ſhall have, by Theorem IV. R: cof. AD : : fin. BAD: 

cof. B; ood likcwiſe, = the right-angled triangle 

CDA, by the fame, R R 600. AD: : ſin. CAD: 
5 C'; therefore, 527 BAD : In. CAD: : coſe. 
. . QE. 19. 10. $4 
Oo he lame triangles Silt alſo give, by T beorem 

. . ce. BAD : : cot. AD: cot. AB, and, R . 

cof,, AD; cot; AD; cot; AC; therefore, "Bice ; 
theſe two proportions have tl » fa me antecedents, : 
We 


* N : 


7 SPHERICAL 


we ſhall have, Co, BAD: of © CAD: : cot. AB: 


cot. A ‚ E D. 


30. The ſame triangles will moreover give, by 
Theorem V. the two following proportions ; KR n. 


BD: : cot. AD : cot. B, and, R: fn. CD: : cot. 


AD: cot. O; therefore, finde the antecedents are 


equal, the conſequents will be likewiſe proportion - 
al, and give, Sin. BD: fn. CD: : cot. B col. C. 


Q. E. 3. . _ 
Laſtly, by T hecrem II. we - ſhall have in the. 


triangle BAD, R coſ. BD : : oof. AD : cf. AB; 
and in the triangle CDA, R. 40 DC : : coſ. AD: 
cf AC; from whence it tollows, that Cof. BD: 
4. CD: co. AB: : Coo. AC. E. 40. 5 


sc HOL IU M. 


50. The four parts of this Theorem are, upon 5 


| he whole, of equal import with the Corollaries, 
which we have ſubjoined to the ſix Theorems upon 
right-angled triangles ; only, we have here at- 

5 tempted. to render them ſomewhat eaſier to be re- 
membered, by means of the definitions which we 
have prefixed to this | heorem. | 


Preparation to the follrwing 7 Beorems, 


PROBLEM. 
1 1 Any ſberical triangle, BAC, being given, 


ere ſaewherecf, AB, is ſuppoſed to be upon the circum- 
ference of a greet circle, ABRFar; i is required to. 
Vud the ertlegraphic projettion of this triangle upon the 
plane of the jeid circle; that is to ſay, tt: at which is 
fermied ly lines, let fall from all the 5 95 of the 75 ides 


of the triangle, AB C e Penctculerh ly upen the plane, 
 ABRFer, 1 7 55 0 ff 


SO LU- 


2 


RI OONOME TRT. 52 


80 LU T ION. 


Fron the extremities, A, B, of the arc AB, Jet 
there be drawn to the centre G the radii, GA, GB; 
alſo, through this centre (which is likewiſe that of 
the ſphere), let a plane or great circle, DRo, be 
conceived to paſs perpendicularly to the plane 

ARar, ſo that their common ſection, Rr, may be 

perpendicular to the radius AG; laſtly, let the arc 

AC be produced till it meet the circumference 

_ 7DRy, in the point D; from whence, let the line 
D be drawn to the centre G, as alſo the line D4 

perpendicular to the diameter Rr. This being 
done, it is evident, that the angle DGR is equal 

to the angle BAC, which is formed by the inter- 
ſection of the planes, BAG, CAG, (ſince the 
lines, DG, RG, are both perpendicular to their 


common ſection, AG); and, that the angle DGT 


is equal to the ſupplement thereof. - It is 
equally manifeſt, that, if from the point C we let 
fall a line, Ce, perpendicularly upon the plane 
ARar, the point c will be the projection of the an- 
gular point C. Moreover, if through the point C 
; the plane of a little circle, /CL, be made to paſs 
in a poſition parallel to the plane 7DRo, the com- 
mon ſection, IL, of this plane, and that of the great 
circle ARar, will be allo perpendicular to the ra- 
dius AG, and determine each of the arcs, AL, 
Al, equal to the arc AC; and the projection of the 
point C will be found in a point of this line: but 
it will be likewiſe found (for the ſame reaſon) in 


2 line, Ef, which is the common ſection of the 


Plane of the great circle ARar, and that of the lit- 
tle circle F CF perpendicular thereto; provided 
this line be alſo perpendicular to the radius BG, 
and of courle determine each of the arcs, BF, Bf. 


3 e 


4 SPHERTCAL 
equal to the arc BC: and therefore, when the 
three ſides of a triangle, BAC, are known, it is eaſy 
| to perceive, from hence, how the projection of 
1 an angle C may be determined by the interſection 


of the lines, LI, Ef, upon the plane of che circle 
: ABRer. * E. I. & D. 


ns <tr nn en ernnnmen tendered 


1 e E 1. 
. 161. The right- angled triangles, D4G, CH, 


being ſimilar, on account of the parallel lines 
whereof they are colnpotod, we ſhall have, DG: 
CHorrG:/H::dG:<H); that is to ſay, R: 
en. AC: : cof. BAC : H; therefore, as we ſhould 
have tlie ſame proportion for all the projected points 
of the arc AC, it follows, that the projection ofthis are 
upon the plane of the circle ABRar is an ellipſe;“ 
whereot AG is half the tranſverſe axis, and 4G 
half the conjugate. | 


Con ARY II. 


5 162. It likewiſe follows, from the preceding Co- 
rollary: that the orthographic projection of a circle, 
or part of a circle, is always an ellipſe, or _ 
part of an ellipſe; whereof half the tranſ- 
verſe axis is equal to the /ine total, and half the 
conjugate to the cofine of the angle contained be- 
rveen the plane of the faid circle and, the Plane of | 
projection. 18 8 f 


sc HOL IU M. 


163. In the two following Chapters, we ſhall 
give a more minute TRE? of the WII a prv- 


= _ - \ 


— . BITES. 4 rn eco 


K Ld — 


* "See Robertſon 's Tranflation of De la Call- $ Aftronomy, 


P- 100, 9c. | 
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jection, : 


NMR. i, 
e and of its application both to the cr an 
cal and analytical reſolution of all the cates oi Ihe. 
rical triangles. What we have faid thereon, in this 
place, mult be conſidered only as a Lemma ablo- 
lutely neceſſary for the perfect underitaniling of 
the following Theorem; the difficulty whereof Will 
be very eaſily ſurmounted, provided we have con- 

ceived a juſt idea of the nature of the planes, men- 
_ tioned in the foregoing conſtruction. 5 


TRT OREM III. 


164. 8 any ſpherical triangle, BAC, this propor. 
tiou will always be true: as the product of the ſines Fig. 17. 
of the fides, AB, AC, containing any angle, BAC; | 
is to the produf? of the 7 nes of the differences of thele 

and half the ſum of the three ſides, ſo is radius ſquar ed 

to the ſquare of the fine of baif the ſaid onzle, 

or, which is the fame, Sin. A B>/in. AC: . 


. — — Ac N —AB: K 
; In 2 2 BAC. 1 


Cuoꝛnſtruction neceſſary 40 the Demonſiraticn. 


Hoon the plane of the circle ABRor, and on 
each ſide of the point A, let there be taken the arcs, 
„ equal to the arc AC; likewiſe, on each 
ide of the point B, let the arcs, BF, Bf, be taken 
| K to the arc B C, and afterwards the chords, 

I, Ef, drawn reſpectively perpendicular to the 

10 GA, GB: then (from what hath been de- 
monſtrated in the preceding Problem) it is evident, 
that the interſection C of theſe chords will be the 

projection of the angle C, in the triangle BAC; ane 
(from this conſtruction that, BI. ACA; B = 
AC+AB; LF=BF or BC-—ACEAB ; If=AB+ 
 AC—BC, and, L. F=BC+AC—AB. "Th the nexc 
place, let chis Propornion be made, 11 e 
"if * „ 


. SPHERICAL : 
Gr : Gd; or, which is the ſame, upon Gy, let 
there be taken, G4, a fourth proportional to the 
three lines, H, CH, Gr, and this line will be 
the cœſne of the angle BAC, as appears from fig. 103 
and conſequently, if at the point d we raiſe a right 
line Dad, perpendicular to the radius Gr, it will 
determine the angle RGD equal to the angle BAC, 
and be the ne thereof. Laſtly, from the point 
D, to the extremities of the diameter Ry, let there 
be drawn the chords, PR, Dr; upon which from 
the centre G let fall the perpendiculars, GS, Gs, 
and then from the points, S, s, the perpendiculars, 
SV, gu, upon the diameter Ry; and it will mani- 
feſtly appear, from this conſtruction, that RS is the 
ere of half the angle BAC, and 75 the ne of half 
its ſupplement ; ; that ! is, the coſine of half the ſaid 

angle. 80 much being e we ſhall find 
0 difficulty | in the 


DEMONSTRATION. 


In the right-lined triangle CLF, the Ines of the 
angles being to each other as the halves of their 
oppoſite ſides, and the angle, LCF*, being mani- 
feſtly equal to the angle AGB, its /ne will be 
equal to that of the arc AB, and we ſhall have 
this proportion; In. C or fin. AB: Ain. F:: I LF: 
JC; alſo, on account of the proportional lines 
; GR, HL, Ga, CH, we ſhall have, HL : GR:: 
CL: VRS ARA; and, likewiſe, ſince the lines, 
GR, RS, and RV, are in continued proportion, 


GR VR: GR: RS. then, if we multiply 
the correſponding terms of theſe three as axe | 


6 


* Becauſe it 1s 1 by half Ay ſum of hs arcs, „Lr. 
If; which, by what hath been ſaid (bore, are equal to 


2 A B. 
together, 


2 


TRIGONOME TRY. oy 
together, and expunge ſuch quantities as are 


common both to the antecedents and gy" 
quents, we hall get, /n. AB HL: in. F: 


LF GR- RS „or, /n. AB HL n. PALF: : 


GR: RS'; but. HI. n AC; fn F= jan. "= 


BC+AC—AB 1 CT AC AB 
=/in. EEE TO "rages —AB, and, 2 
5 BC+AB—AC 
LF . LRF = = ſn, 3 . 
BCHABFAC 


RD ATC and therefore, if we ſubſtitute 
= theſe values in the laſt proportion, it will become, 


B 
Sin. AB X /in. a0 : fin. 4 X fn. EY 
BC+AB+AC 


* "AC: ;R* i ſin." 1 Bac. QE. D. 


THrLOREM Iv 


5 16 1 the ſame conſtruction be at a5 th Fr 955 
preceding Theorem, and I ſay that we ſhall likewiſe 


| have Ibis proportion; as the product of the ſines of 


the fides, AB, AC, containing any angle, BAC, is 
o the product of the fi ine of half the difference of theſe 
des and the third by the fine of half the ſum of the 
three ſides, ſo is radius ſquared to the ſquare of the co- 
fine of half the included angle; that 16 AB in. 
AC: n. WE . e R 00 

1 BAC. ; 5 


DEMONSTRATION. 


In the triangle Cy, the ſines of the Angle are 
to each other as the halves of their oppoſite ſides: 
but, it is evident that, the angle at f is meaſured 
by half the e arc FD, which is the ſupplement ns 

ha 


Il 1 SPHERICAL 
il. half the arc FAl, equal to half the ſum of the 
nh | three bdes, AC, AB, BC: the arc /f is alfo mani- | 
1 feeſtly equal to, AB+AC—BC ; and therefore, the 


i. AB+ AC—BC, 
1 Half of its chord will be the ſine of, 2 


1 1 | 

iſ -7- This being premiſed, we ſhall have, Vn. A B : fn n. F 
2: f/: 4 C1]; by conſtruction, HI: Gr:: 1 Cr: 

1 dr, and likewiſe, ſince the lines, Gr, Tr, rs, and 


ru, are in continued proportion, Gr: ur: : Gr :r5s 5 
therefore, if we multiply the correſponding terms 
| ies. e we {hall get, /n. AB III: fin. f:: {If x 


Sr 1 775 5 or, ſin. AB * HI : 1 Hrn.; Gp: : 
| 75; and, by ſabſtiruting the vile of each line, 


AB+AC—BC 
in. 9 fin — 2 2 * | 
* Rc. 2 L BAC. Q. b. 


— 
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Conoitary I 


"n66; Hende, if we call the ſum of the three ſides, 
Ss; the ſide oppoſite to the angle ſought, a; and 
the lides including this 8 935 and 0 WE ſhall | 


* 
Fn 
— — 
= by 
2 c 
* 


| E ron Vs and, 
8 TE ca 
5 1 angle e 
| os . - 5 . 5 Ve c 5 
cole ele. 25. 
Ve. 2c. e c 


Conor Av II. 


PR Since we have, by art. 69 5 — A tang. 


4 it follows, that we ſhall alſo have, lang. + an- 


gle 


ag 


TRIGONOMETRY: 59 


le rol fm. . — Hin. REDS. and, cot. 1 angle = 
fin I r—ax fin. 25 | 
: al fi L5—aXfen. 2. | 

| „ 
” x CoROTLARY III. . 
168. Since we have, by art. 71, fin. 2 A = 


5 225 AX K — „we ſhall alſo have the fine of the whole 


- Nm Vl. n. 4a „n. I e 
, ; 
which formula may be otherwiſe found by a com- 


pariſon of the ſimilar triangles, ICf, LCF, &c. 


hne formula, co: 2A , will give 


| the coſine, likewiſe, of the whole angle A=. 


. 22 —.— —.—— —— 2 and, if we divide 
| fin. bY in. c | | 
the former of theſe two expreſſions by the latter, 
we ſhall obtain an expreſſion, (though ſomewhat 
more complicated), for the tangent of the whole 


: angie. 


CoroLltany IV. 
169. If the ſides, including the angle ſought, 


be equal, we ſhall have; ſin. + angle = Fas = — 


and, 60 Langle=" Jew Fs —.— 


SCHOLIUM. 


170. From the ſeveral formulæ, which we have 
deduced from the two laſt Theorems, it will rea- 
dily appear, that the reaſon of our chuſing to find 
5 SY | | 5 | one. 
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one of the angles of a triangle, whereof we know 
the three ſides, by the ſme or coſine of its half, is, 
becaule theſe formulæ are the moſt eaſily conſtruct- 


ed by the logarithms ; however, it muſt be acknow- 


ledged, that the formulæ, which we have given 


for the tangent and cotangent of half the angle 


ſought, may be likewiſe very advantageouſly uſed, 
as being very little inferior in ſimplicity to the other 

two; and therefore, we have four eaſy and com- 
pendious methods of ſolving this particular caſe of 


Trigonometry. 


f. EL xs 20g 
on 2 ; : 
c 
„FF 
fs MH as 0 ⁵— 
— ws 


and conſequently, eng. F 
, ViimaXſ/inc | Ed . 8 q 77 n 8 2 
„„ 

| SED, VE fin. —— Nn. 
angle = — — | 2 


7 
97 2 5 X/in. : 


2 


If we would apply the preceding formulæ to 


plane trigonometry, it need only be conſide red 


2s _- 


TRIGONOMETRY. 7 


that the ſines of the ſides of a triangle then be- 
come the ſides themſelves; and we ſhall have, 
by ſtill preſerving the ſame denominations for the 
three ſides of a triangle; fin. 4 angle = 


„„ | T1 
1 5 . 2 angle =" ; 


: x bc NM Oc 


ST Dos i * 
lang. J angle = 9 


— 7 — GT en from whence we 


may perceive, that if, to the logarithms of the fac- 


tors of the numerator of each fraction, we add the 
arithmetical complements of the factors of the de- 


nominator, and take half the ſum thence ariſing, 
we ſhall obtain the angle ſought, much more ſimply 


than by the common rules of plane Trigonometry. 


It may be moreover obſerved, that the formula 
found for the fine of A, in art. 168, furniſhes us 
with a pretty remarkable property of a plane tri- 
angle; viz. that the ſine of any of its angles is 
equal to twice the area of this triangle, divided 
by the product of the ſides which include the ſaid 
angle: for it is demonſtrated, in all the Elements 
of Geometry, that the area of a triangle is = 


| 11 5x4 —2 4 + $—þ X ny — which becomes 


the numerator of the formula for /n. A, when the 
triangle 1s right-lined. „„ 


TRHEOREM V. 


171. In any ſpherical triangle, BAC, ænhereof the 
three angles are known, we ſhall always have theſe two 
„ as the pro- 


duct of the fines of the angles above the ſide ſought 4 to 


N analogies for finding one of its ſides ;, 19 


te product of the caſines of the differences of theſe Angles 


and half the ſum of the three angles, ſois radius ſquared to 


3 | 
FR 735 25 | and, 
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82 SPHERICAL 
the ded the coſine of half the ſide ſought that i 18, Gin. 


Bx ſin. C 60. — B X Pet Q =: 


R?®:cof.?LBC; and, 2% as the produe of the ſines of the 


angles adjacent to the F; de fought is to the product of the | 


coſine of half the differcnce between theſe two angles and 


the third and helf the ſum of the three angles, ſo is radius 


1 ed to the ſquare of the fine 2 — the fide ſought, 


SCA 


that is to 18 Sin. B * fn. © 60%. 3 


BA 


R* fin þ + BC. | 


DEMONSTRATION. 


In the triangle DEF, all the parts whereof are 
: the ſupplements to thoſe in the triangle BAC, by 


 art.130, we ſhall have, , by Theorem III. jm. FDx ſi. 


FE 2 DEFFETDE pri D | 


. fin 1. 4 DE. But, the arcs, FD, FE, are 


| 88 ſupplements to the angles, B, C, in the triangle 
BAC; and conſequently, their ines the ſame as 


_ thoſe of the ſaid angles. Moreover, ſince the ſine 
of half the ſupplement of any arc or angle is equal 


to the coſine of half ſuch arc or angle; the ſecond = 


term will, after making proper ſubſtirutions, be- | 


come, af. ? 


C+, CA „ TY 
BECES _ Bree, C. In 


like manner, the angle DFF. being the ſupple- 


ment to the ſide BC, its half will be the comple- 
ment of half this ſide, and the fine of ſuch half the 


coſine of half the ſaid ſide ; and therefore, the pre- 
ceding proportion will now be e changed into this; 


Sin. 3 C: auf > 


SEED — 


N „ 
* : coſ.* BC. Qu 19. D. 


— 


1 


— 
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29, In the ſame triangle, DEF, we ſhall have, 


by Theorem IV. ſin. mw EF: fin. — 3 


DE+EF+DE | . 
x fin. —— . 2 . coſ,*2 DFE; which pro- 


portion, by mi PS ein ſimilar to thoſe 
which we made in the preceding 47860 will be 


B+C— 
changed into, Sn. B x / a. C. Cof. = — 8 coſe. 


Bcd, 
: R* : :ſin-* BC. QB.» 45 


Co 1. 


172. Hence, if we call the ſum of the three an- 


8 gles of any triangle, s; theſe three angles, «, g, v, 
reſpectively, and ſuppoſe, g, 2, to be the angles ad- 


. | 60 0 12 
. formulae; h mM. 1 ſide v fought = _= RE 2x = 28 2 


Jacent to the hide ſought, we ſhall have the following 


co. fide = 1 oof TE 4 cih —— 95 nd. tone. X 


ave. Hh 


Vn. err | 
fide="* 8 158 22 2 25 BEDS It would be 


. Ly 
eaſy to find formule for the fine, coſn ne, fangent, 
and cotangent, of the whole ſide ſought; but, as 
theſe expreſſions would be much more complicated 
than thoſe above given, it mill be unneceſſary to 


N N them. 


CoRroOLLARY 11. 


173. When the two angles above the ſide ſought 
are equal, we ſhall have Ag the. gk part 75 _ 5 


| Theorem Vn.“ B coſe? 4 A : cofe* 5 4 


M2 br | 


Sr ĩ et RR 5 r . LOT 
es. hs een 3 - 2 r T 5 2 hs —— _—_ - p 8 FECL 5 
2 N . * . — 
<> 8 „„ 10 2 nr, * 
be A "Ek l - we 


OT 
— r 


—— —k f. ” " 


— — 


nm Fu 2 


analogie 
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and, by 7 — — — the ſquare roots, coſ. I B C = 
Roof. A 
5 


755 from the ſecond part, would not be quite ſo ſimple. ; 


SCHOLIUM. 


5 Theſe Theorems contain the ſolutions of 
: Ml * poſſible caſes of oblique-angled ſpherical 
triangles, as we may be eaſily convinced from an in- 
ſpection of the ſecond Table, where all theſe ſolutions - 
are collected and united. However, that we may 
give to this part all the extent and generality where 
of it is ſuſceptible, we ſhall yet annex another 
Section; in which we ſhall give ſeveral other very 
important and general Theorems, and in particu- _ 
lar the famous analogies of Neper; wherein this Geo- 


meter's deſign ſer: to have been, to reduce the ana- 


logies of ſpherical Trigonometry to thoſe of plane. 
But, by rendering to theſe Theorems all the gene- 
frality 3 it will be eaſy to obſerve, that the 
f plane, are but particular caſes of thoſe _ 
0 ſpherical, Trigonometry ; and therefore, ſuffi- 
dient (in our opinion) to deduce them ſeparately 
from thence by ſimple inferences only. It is ſur- 
priſing that moſt writers upon Trigonometry have 
made no mention of theſe analogies ; whilſt others 
have given them without demonſtration, Abt 
others deformed them, (but Mr. Wolf in particu- 
lar), by ſubſtituting in their room Proportions con- 
ſiderably different from thoſe of Neper.— 7 
theſe analogies may prove to be of very peculiar 
ſervice in this : that they will greatly contribute to 
an eaſy retention of all the poſſible caſes of oblique- 


5 gs: e whether TRAY or rignt-lined. 


Ihe formula, which would ariſe 


-Beſides, 


SECT. 


C: 
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Sr. 00 

* ontaining a Demonſtration of the analogies of 
Neper, as well as of ſome others, both in 
plane and Spherical Triangles not * 
| aa 


Turanza 1. 
175. If from any angle, A, of an obique-angled. Fe. . | 
ſpherical triangle, BAC, we let fall a perpendicular, ul 
Ab, upon the oppoſite ſi ide or baſe, BC, (produced if 
neceſſary ), we ſhall akvoys have this analogy : ; as the 
tangent of half the baſe is to the tangent of half the 
ſum of the other two ſides, ſo is the tangent of half the 
difference of theſe ſides to the tangent of half the diſfer- 
| ence, or half the ſum, of the ſegments of the baſe form- 
| ea by the perpendicular, according as it falls within or 
; without the triangle; that is to ſay, Tang. BC: N 


5 +30; — AC: . — 
lang. — Teng: 2 rang. * 


DEMONSTRATION. 


We have proved in art. 158 that, coſ. BD: 1 c D 
2:cſe AB: coſ. AC, and therefore, we ſhall alſo have, 

| componends et Tue coſ. BDþcoſ.CD : coſ. BD 

cCoſ. CD:: coſ. AB ce AC: coſ. AB—cof. AC; Bile . 

by art. 100, of. BD+eco/. CD : cop. BD— of: CD: 


„ BD ＋CD 2 — -CD - Y 
1 tang. 3 and for the ſame rea- 


ſon, ef. AB. cf. AC: co. AB—eof: AC: 


| AB+AC. __ AB—AC 


{as wa hence, ſince the two 4 


terms a theſe two proportions are proportional, | 
the two laſt will be ſo likewiſe, and give, cot. 1 
BD+CD- - WD-QD . _ABbAc- Ul. 
SUS 1 
I; which, fore ſubſtituting for the colan- 1 
e e It 


7 equation reduced into proportion will, to corre- 
ſpond to both caſes, ſtand thus; Tang. BC ang. 


. a 0 al iriangle, BAC, there le let fell ng 


| tang, 35.— C 
lang. AB ＋ 2 AC Ws 


the triangle. 


86 8 FH ERIC AL 


gents their values in the tangents, and multiplying 


nd roduces, 9 = 
remes al means, — — 
EX 5 P ? tang. 25D Do 


Now if the e falls 


| BD CD ; 
within the triangle, — will be = ws | but if 7 
Ben - 5 

without, ed 7 2 14 and Werefbre, "th laſt 


Ae Ae BDICD: » : 
ws yn Jes aa 1 QE. D. 
s C HOLIU M. 


176. If we ſuppoſc the triangle right- i it is 
aſs to perceive that, as the janvents then become 
the ſides themſelves, we ſhall have this propor- 
tion; As the boſe of the triangle is io the ſum of the 
other two ſides, ſo is their difference to the difference or 
fam of the ſeements formed by the perpendicular let fall 
upon the 1 according as it falls within or without 
It is lkewiſe manifeſt, that this 
5 formula may be applied both to ſpherical and plane 
trigonometry, in order to reduce a triangle whoſe _ 
three ſides are given into two other right- angled 
ones; in each of which we ſhall know, beſides 
the right angle, the hypothenuſe and one leg. 
Yer (whether the triangle be ſpherical or right- 
lined) the formulæ in art. 164 and 165 ought (in 
our opinion) to be always preferred, "25 conducing = 


to the eaſieſt and ſhorteſt ſolution. . 


Sn. „ 11. 
177. oe 2 ſuppoſe that from any as, 1 of 


dicular, 


T RIGONOME TRT. $8; 


dicular, AD, upon the pd te fide, wwe ſhall have the 
two following proportions; 1*, os the fine of the fun 


„f the angles above the fide on which the perpendicular 
Falls is to that of their difference, fo is the tangent or 


cotangent of half the ſaid ſide to the tangent of half the 
difference, or cotangent of beif the J un, of its 5 ſexments 


formed by the commons that is, Sin. CTB: /n. A. 


C—B : lang. or cot. I BC : tang. or cot. 2 ESD; 


and 2 4 4s the fine of the ſum of the cther Ic 41 is. 
to that of their difference, ſo is the cotangent of half 
their cad angle to the tangent of half the difference, 


or half the ſum, "of the ſegments of this angle; that is 


to ſay, Sin. ABA C : / 2 AE—AC: cot. 1 B. AC: 
e "DADFCAD. ©: 
TT; 1 —. — o 


0: 


DEMONSTRATION. 


In the triangle BAC we have, by ort. 1 58, tans. 5 
1 c: tong. B: n. BD : An. CD, and theretore, We 
| ſhall alſo have, componendo ct dividends, ! tang, CH 
tang. B: lang. C—tang. E : fin. BD n. CD. . 

D BB. n. CD; but the relation of the two firſt 


terms is, by art. $7, equal to that of, fin. CTB 


” wo CB, and the relation of the two ſecond, by E 


RDSCD::: 


art. 95. equal to that of, bang. e : tang. : 


BD— c 


2 
ed for the preceding, and tang. L BC be put for 


BD+CD 


= Jang. EOS when the perpendicular falls within 


 BD—CD 


the triangle; ; but for tang. 1 when it falls 


without, we ſhall have for the two caſes 3 8 Si, 7. 


eB: g 


- ene if theſe relati ions be ſabſlitut- : 


Put 2 I BAC for —— 


5 BAD—CAaD , 


88 -— SPHERICAL: 


| BD— CD 
C+B - fon C-=B: tang. 3 z BC: e 


BD+ 


Q. 10. D. 


2. In the ſame triangle we ſhall keit have, by 
Pg 158, tang. AB : tang. AC:: co. CAD: cf. - 
BAD, and therefore, componendo et avidendo, tang. 
 AB+tang. AC: tang. AB—tang. AC:: coſ. CAD 
+coſ. BAD: cf. CAD- ceſ. BAD: but, by art. 
37, the relation of the two firſt terms is equal to 


- That of, fin. ABXAC : ſn. AB—AC, and that of 


the two ſecond, by art, 100, equal to that of, col. . 


| AD- 34 — CAD | 
BAD+C ; therefore, if we 


e Ian 
2 Te 


| ſubſticute theſe relations for the preceding, and 5 


B APES AD. 


SCHOLIUM. 


1 178. The firſt part of this Theor. it is evi- 
dent, conduces to the ſolution of a ſpherical triangle 

| whereof one ſide and the two adjacent angles are 
given; by immediately reducing it into two right- 
| angled ones, in each of which will be known one 
ſide and the adjacent angle. We might likewiſe 

uſe it for the ſame purpoſe in a right-lined triangle; 
only its application becomes unneceſſary for find- 
ing the ſides of ſuch a triangle, ſeeing they may 
be more e eaſily obtained by the well known analogy . 
5 between f 


1 CD bbb 1 
ng. : tang. 1 BC: cot. 4 BC: (Of 


, when the perpendicu- 
 " within the triangle, but 4 L BAC Tor- 
when it falls without, we all get for 1 


hi: two. caſes ; 3 Sin. ABFAC : ſn. In. AB—AC : BY 
cot. BAC * gang: 2 BAD z CAD. . 20 p. 5 
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between the fines of angles and their oppoſite ſides; 
and therefore, the cnly caſe, wherein this Theo- 


rem can be of ſervice in plane Trigonometry, is 
that which requires the ſegments of the baſe of a 


triangle to be found. For, it we ſup; ole the baſe 


and two adjacent angles given; then, in order to 


find the legments thereof, we ! mall have this ana- 
logy; As Ne /ne of half the ſum of the angles above 


 thebafe is to that of their diſſtrence, ſo is half the ſaid 
baſe to beaif the difference or half the ſum of its ſeg- 
ments, according as the Perpendicular folis within or 


without the rien: ” 


Ihe ſecond part of the Theorem may be applied 
to a ſpherical triangle, when there are given two. 


of its ſides and the included angle, In order to re- 


duce it into two right-angled ones, in each of 


which we ſhall know the hypotn enuſe and an adja- ; 


cent angle. It may likewiſe be applied to the cor- 


reſponding caſe of right-lined triangles, in order 
to find the! legments of the vertical angle, by ſub- 


2, ſtituting, AB FAC antAB—AC, for th e fines of 


_ theſe quantities; and in this Cale, the common 
rule Vi by nat be found much Nos pap 
Tn e O N A III. 


: La taoreover, tha it in any ſther ical triang oo, 
5 at? Wwe Hall hade theſe lævo proportions; 1%, as "the 


fine of ha! 7 the ſurn of ary two angles is to that of half 


| their difference, [0 1s the langen. of Half the 7 de adſa- 


cent to theſe ang les do the tangent of half the difference 


of their oppoſe ite ſides or, which is che lame, Sm. 


EO+B CH | 23-2 
| . Ip Fu. an, lang. 2 "BO 3 tang. 


> 2 25 3 : 
„ and 2% es the fahre of baif tte fi fum of the angl's 
 ebave one of the fides is to that of half their difference, 
55 0 75 4 e bangen. of baif th: adjacent / de to that of helf 

— N 4% 


Fig. 15. 


7 * —— $a 4% 2x 
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C+B_ 


the ſum of the eppoſite f, tes + that is, 2 e 


2 — B | | AB+ AC 
eng. FRG HUN. one 


DEMONSTRATION. 


We proved in the laſt Theorem that, 2 GB : 5 
5 — 


; „ CB: lesg. 2 EC: to . 1 ; bur, C+B | 
IB 2x C— =s 


— — and, UB —.— al by thefor- 


mula i mn art. 71, (fn. 2A= 2. fn Axa. A). f C+B 


C+B C4 


& 5 1 
will be found= 2%. 2 "TO 2 anR and, for che 


3 3 


8 © 
5 fame reaſon, bw” C—B= 54% = "Reef: Om. 


. viding its two. rl terms by 2 27 be changed ines: 


; the following; Fu. — wn = XK Cop. — l. > 1 
"C=B DCD | 
- — < tang. 3 B 64 fang. N Moreover, 8 


ſince in every ſpherical triangle the fres of the an- 
gles are to each other as the y/ nes of their oppoſite 
ſides, we ſhall have, fin. C: fn. B:: fin. AB: fin. 
AC, and conſequently, con, Pentiido et dividendo, in. 
Cn. B: fin. Cu. B:: fen. AB+/n. AC : Ain. 
AB—jn. AC; which proportion will, by ſabſti- 
1 ruting for! its ſeveral terms theirequals, as given in 


art. 91, 92, and 95, become, fn. — - x 6of, — : 
, CB, C+B AAA AB— AC 
TN fn. oy - „„ berg. 25 5 2 taxg . 5 „ 


Now, if we NS this proportion aby that which 
ve before tou ad, and er Fung; the contradictory 


H ˖ MD 
lang. 


TRIGUNUME TRY. 97 


AB+AC_ BD—CD 
. 88 4 Fang. li * to HT, 


tang. 1 BC *tang. 
AB—AQ 


1 likewiſe, if ve multiply the antece Jents 


O 


of the alternate proportion of the firſt Theorem 


Ab ＋ AC 
by tang. = „ and-che conſequents by tang. 


BD—cp . 


„ we ſhall again get, tang: 2 BC lang. 


AB+AC -SD=OD:: AB ACE „ 


1 


— — 8 — . —Ä—õ— 6 ＋ 
2 bang X lang. lenk. 


AB FAC | ' BD— .cD | 
— bang. 3 5 and therefore, ſince 


theſe t two > proportions have one common relation, ” 
We ſhall, 55 FE reaſoning ex quo, 0 obtain this analogy ; „ 


2 AB ＋ AC 


-- ow. ang. e tanz. 


: BD—CD. l c 4 


. 3 , C— i. 


. or, / extrating the roots, Sin. —: 


6 


fn. i log. =: ; tang. " 3 


AB - A0 


2 


* tang. LBC: tang. 3 fron Swiencerhewark 
of the firſt part « 05 the Theorem manifeſtly follows. ; 


2. We might gore by ya fimilar calculation tha, 
C+B AB . 


at 1 1 og 2: fang. LBC: tang. ee 


| * 
90 for che whole art 155 chis calculati ion conſiſts in 


dif | 


„* since by the frt : pork of the Theorem, eo 


: *, D -CD 


8 8 


:.C 8 188 Dm HO C+B e 
455 cof. ZE ” : cafe. e. 1 ak 2 hangs 


15 AB—AC. 5 AB+AC 


mae ON —— ++ therefore, by 3 | 
RO . theſe 


2 


-2 2 by 7 1e | 


Fu | 


SD 180 bang. . 


19 
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diſpoſing the two preportions which we m1 TRY 
toget her in fach a man aer, as to obtain the {quare 

of che cn Of the quantit ies, CTB and C3; a 
thing wi ch 15 attended with very little diculty. 


ſhewn, 


SCHOLIUM. 


1805 It is eaſy to be erceive, that this Theorem 
may be applied in order to find the 1 of any 
5 heren tt iangle, wh >reof the baſe and the angles 
above it are knowwa, It might alſo be uſed for the 
g caſe of plane 


: TROY 
ſame purpoſe in the correſpond ing 


Trigonometiy, after ſubſtituting the baſe, and 
the ſam or dif, erence of the ſides, for the tangents. 
of thele «pigs lt may likewiſe be ob- 
ſerved, that the preceding demonſtrations carry 
along With them two other Theorems not altoge- 
| rher 1 UNWOrchy: our regard. The firſt i 18 this; ; * 


„* 
— 


5 theſe « two. proportions together, we ſhall have, c » 
„ 23 AC” 


— e . 5 © fangs :B Cc X tang. rag : kaug. 18 
AB+ AC: D -CD | | 
— 0 range IF : but, from Theo, £ we ſhall get, 5 
2333 PET AB+AC 1 
rang. 1B 8 ** e e „ 
29 — b AB—- AS , BD=CD, rs 
= 5 7 5 2a. age e lang. „ and conſe- 
. NB — S50S B Ih 
5 ſequently, ex quo, co > R. 62 e = Po 
ABA BDC C43. een 
N tang.* OT, Of, Cef. © b e ES 
1 AB—AC 569 — CD 5 
ö lang. 1 barg 50 bang. 
BLA 


And hence the truth of the famous Theorem 
of Neper relating to boch thele caſes is clearly 5 


any ſpherical triangle, the fine of vel the ſum of the 
angles at the baſe is to the 5 ne of balf Weir difference, 
as the tangent of half the ſum of thr eppe/ite ſides is 
to the tangent of bolf the af erence of the ſegmenls cf 
the baſes And the ſecond this; The cone of Half the 
ſum of the angles at the baſe is to the coſine of half heir 
difference, as the tangent of haif the difference of ther © 
oppoſt tte ſides is to the tangent of Half the difference of 
the ſeements of the Laſe. Moreover, from 
this Theorem, and the confideration that every 
right-lined triangle has the ſam of its three angles 
equal to two right. ones, theſe two general analo. 
gies will ariſe; 1, As the 15 ne cf half the vertical” 

angie to the cafe NC of half the &ifference of the other 
two engles, ſo is ihe baſe or fid as oppoſite e to this angle 
to the ws of the other two ſiges chat is to lay, S. 


. 
| BC: AB AC; and 2 a 45 the 


cf; = 
bas ne 5 half 2 15 ical. angle is to the fire g of half 25 1 
8 digei ence of the other two angles, 0 7s the b 7/e to the 


a difference of the eppuſe ſds; or, Col. 7 7 A: 1 5 
: BC. AB AC. Laſtly, the two 10 8 


which we have Wenne from the demonſtration of 

this Theorem, will give us this double analogy for 

_ any right- lined triangle, when the ſegments of the 

baſe are taken into conſideration ; As the ham or 
difference of the ſides is to the d ference of the ſet: s 

of the boſe, fo is the coſine or jine of half the by vertical 

 engle to the fine or colixe of baff the digerence of the. 

5 1 above the baſe z that 1 is, AB FAO: 2b f 


— 
Lg or IK, fm. or | of. 


Tun OREM Iv. 


181. 1 every  ſphericcl tria male, BAC „ <1 fall Fig. 11. 
morccc er Pave theſe ted an ages; 1%, as the fine of 
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8 SPHERICAL 


Half the fem cf the fades including any angle i is to that 
f half their Ciffercnce, ſo is the cctangent & half the 
included angle to the tengent of half the difference of 


. AB+AC. AB—AC 
the other tw o angles : ; Or Sin. . 5 


— 
2 


—— 


1 cht. 1 BAC: tons. a pack, and 29, 40 the 5 


half the fan of any two fass is ” that of half their 
difference, os 155 cctængtut of half 1heir included an- 


Lie to- tre con; ent of a the fu 7 their oppoſite an- 


DOT AC AB ACC: 


iB 
<ot.: ac tony. pane 


bo | 
a 


5 MONSTRATION. 


In the triangle DEF, all the parts whereof are 
ſupplemental to thoſe in the tr angle BAC, We 


5 E- DOD 
ſhall Ray. " the preceding Theorem, fi 7. ng” 7 
| 1 FE 2, | 

fin. N: tang. 4 DE: rang. "Nw. 


in order to . what this analogy will become: in 15 

the triangle BAC, let a and 6 be two circular arcs, 
repreſen ing, for inſtance: the angles E and D, and 
let 27 be put =189®? z then will the ſupplements 


2 


to thoſe angles be, 27—0 and 2r—b, ach half the : 


c a 


ſum of thoſe ſupplements, 27 — 7 2 £ that! ET | 
tay, the: ſupplement to half the ſum of the aid angles 15 


AB + AC, 


Q and 53 conſequently, n. — u. 8 —5 


- 


24. — 


. | 
end alſo, In. . = —— latty, ſince 


Fo lang. 1 ſupplement of an arcs cot, of half that are, | 


we hall have, oy th 7 1 cot. 3 BAC, and, tang. - 
. 3 


= Jang. 5 QF. 1” Es 
We 


Se f DE 6k 
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We might ſhew 57 in the N e 


chat the proportion, oof. — 2 1 oof. : fans. 1 
f DFF E | 

PE: tans. — — e 8 changed in into this; C0, 
AB+AC „ AB-A "C+B- 


2 


— > . cot. 1 BAC tang. 
k.. D. 1 


SCHOLIUM. 


182. We may perceive, by inſpection only, chat 
theſe two analogies may be applied i in order to find 
the two remaining angles of a ſpherical triangle, 
wherein two of the ſides and their included angle 
are known. We may likewiſe perceive, that the 

firſt analogy, when applied to the correſponding N 
_ caſe of . lined triangles, will give the commore 
rule; As the ſum of the ſ. ſides is to their difference, ſo 

1 the 4 of half their included angle to the tan- 

gert of alf 1 the difference of the oppeſ te angles. 
With reſpect to the ſecond analogy, it is manifeſs . 
that, it cannot be applied to right-lined trian gles, ſince 8 


* 


1 C+B B | 
cot. 4 BAC then becomes equal to tang „ be⸗ 


N in ſuch triangles the ſum of the three e 
35 neceſſarily equal to two right ones; Whi ich 1 Is a 


thing that can never r prevail! in ſpherica al planes. as 
before 0Merr ved. e might proceed to deduce 


other Theorems“ „ ſim ilar to thoſe which we gave 
in the laſt Schiel only we think it better to lcave 
to Learners the pleaſure of finding cheſe out by 


their 0 own LINSENUITY.. 


— 1 


* They, no Would ſee a v ariety of other proper: ics, whe- 
ther! in plane or ſpherical Trizonometry, belides thoſe which 
we have thought proper to lpccity, may have recourſe to Mr. 
—Emerjen's mate compre. Nel. fave and. Gublime Treatiſe thereon jp 
where oy prefums they watt had. their curioſity abundantly 
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CHAP. III. 


N the Graphical o or Geometrical Rejo- 
lution of phony Trian glee. 


| Olfroatio upon the nature of theſe Solutions, | 
183. \ Fometers in general take very lttle notice 
of the Graphical or Geometrical ſolutions, | 
and more eſpecially fo, ſince logarithms were in- 
vented; conſidering, that the Numerical ſolutions are 
by their means rendered ſuſceptible of the greateſt 
ſimplicity, and that a much greater preciſion can be 
thence obtained, than can poſſibly be expected from 
conſtructions; becauſe, the preciſion in this caſe de- 
pends conjointly upon the art of the perſon who 
conſtructs, and the goodneſs of the inſtruments _ 
wherewith he conſtructs. We ſhould therefore 
| have paſſed over this part entirely in ſilence, had 
it not been for the following conſiderations. 
10. Geometrical ſolutions, though not altogether 
exact for the reaſons juſt alligned, yet nevertheleſs 
appear ſtrictly ſo to the mind, as being founded 
upon the moſt approved and well-known truths of 
_ Geometry. 2% There are ſeveral caſes, wherein 
all the eectfion of calculation 1s not abſolutely re- 
quiſite, and the facility of theſe operations very* 
conſpicuous ; as, when we would apply certain 
_ obſervations (whoſe accuracf we did not greatly 
regard) to the ſetting of a plan or walk according 
to ſome point of the compaſs; or to Dialling, in 
order to pave the way to a more perfect operation 
afterwards, 39. There are Theories in Aſtronomy 
which are founded 5 theſe ſolutions ; and allo, 


caſes 


TRIGONOMETRY. 10g 
caſes of Pilotage, wherein they may be found of 


no inconſiderable uſe, T hey may likewiſe ſerve 


to conduct us in calculations, wherein we might 
be afraid of committing ſome miſtake ; and, if we 
apply the Algebraical analyſis to them, we may 


be enabled to diſcover a great number of new ſo- 


lutions, which will not only ſerve to illuſtrate this 
part, but alſo lead us to ſome very elegant ſoluti- 
ons of caſes in practical Aſtronomy, which would 
prove very complicated by other methods; as we 
ſhall endeavor to prove in the ſequel by their appli- 
cations to various Problems. The formulæ, which we 
ſhall by this means obtain, will, if compared with the 


| Synthetic ſolutions, point out to us ſome remarkable 


differences betwixt Syntheſis and Analyſis; and at the 


ſame time ſerve to increaſe the diligence of Learn- 


ers, by putting them into a method of finding ſolu- 
tions deduced from Geometrical conſiderations. 
In the laſt place, it may be obſerved that, formu- 

1 in general are much more ſimply and elegantly : 
inveſtigated, when the calculations are founded 


upon Geometrical conſtructions, than when upon 


ſubſtitutions purely Algebraical ; as will eaſily ap- 


pear toany one, who will take the trouble of com- 


paring our ſolutions with thoſe, which Mr. De la 


Caille hath given for the ſame formule. 5 


Þ ROBLEM © 
184. Civen two of the frdes, AB, AC; 7 pe- 


rical triangle, BAC, with their included angle, 1 to 
find 19, either of tbe angles above the baſe, and 2% 


the Poſe ad or third ſeae, BC. 
SOLUTION. 


Fig. 171 


Upon the plane of the circle ABR D let hare” 


be taken the arc AB equal to one of the given ſides 
00 


204 . SPHERICAL 
of the triangle BAC ; to the centre G let the radii 


AG and BG be drawn, and through it the diameter 


7GR perpendicular to the radius AG; allo, let 
there be taken on each fide of the point A the Arcs, 

AL, AJ, equal to the given fide AC, and through 
the extremities of theſe arcs the chord LI drawn: 
then, at the centre G Jet the angle DGR be made 


equal to the given angle BAC; and, letting fall 
from the point D the perpendicular Da upon the 


= diameter Rr, let CH be taken a fourth proportion- 


al to the lines, 7G, 4D, IH; and the point C will, 
as we have already obſerved i in art. 160, be the 


projection of the angle C. This being done, i in 


order to find one of the angles, as B for inſtance; 
through the point C draw the chord FCXF, as 
alſo the diameter MGm, perpendicular to the radius 
SB, and make, X/: XC: : GM: GN; then, 
through the point z, thus determined, draw the line 
N perpendicular to GM, and terminated by the 
circumference at N, and the arc MN will be the 


-The angle C might 


meaſure of the angle B. 


be found by an exactly ſimilar operation, by 


taking AC upon the plane of the circle ABRar in- 
ſtead of the are AB. Q. E. 15. 1. 


29. The third fide BC 1s manifeſtly equal to | 
either of the arcs, BF or Bf; ſince the three arcs, Bf, 
BC and BF, contain all the ſame number of de- 


grees, as being compriſed betwixt the ſame point 


EB, and a leſſer circle perpendicular to the radius 


| GB. QE. 2% 1. 


e 1. 
: 185. The demonſtration of this conftruttion 1s 


an evident conſequence of the nature of the pro- 
jection which is here made uſe of, and already 


© explained 1 in art. 1 60 —— But, inſtead of repeating 
the 


i d We SES OT SST 
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the operation for obtaining the value of the An- 
ge C, we may likewiſe find it by the following 
eaſy method; which, in order to avoid too great an 
extent of the feure, we ſhall only barely point out. 
Through the extremities L and F of the arcs AL 
and BF, reſpectively equal to the ſides AC and 
BC, draw two tangents to meet the radii AG and 
BG, produced as far as neceſſary ; then from the 
points of their interſection as centres, with theſe | 
tangents as radii, deſcribe two circular arcs, and 
from the point where they cut each other draw two 
' radii to the ſaid centres, and the angle which is con- 
tained betwixt them will be equal to the angle C: 
the reaſon of which conſtruction will evidently ap- 
pear from this conſideration+ that the angle which 
is contained betwixt two planes is equal to- that 
which is formed by two lines perpendicular to 
their common interſection; as are in this caſe the 
en of the arcs AC and BC. 


$Scnolium It: 


186. Having taken, as before, the arcs, AL, AL, 
each equal to the fide AC, the projection of the 
angle C may be determined without making uſe 
of proportionals, in the following manner. From 
the point H as centre, with the radius HL, de- 
ſcribe a ſemicircle Lel; alſo, at the ſame point 
make with the radius HL, an angle LHc equal to 
the given angle BAC, and from the point c, where 
the radius Hc cuts die circumference, let fall the 
perpendicular cC upon the diameter IL, and the 
point C will be the projection ſought of the angle C 
of the triangle BAC; only obſerve that, if the 
angle at A be obtuſe, the point C will fall upon 
HI; but, if acute, upon HL. The pro- 
jection of the angle B may be found W ith equal fa- 
P 


cility : 
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cility : for if, upon the line H, produced if ne- 
ceſſary, Cx be taken=CX, and, from the point c 
to x, the line cy be drawn, the angle cxL or cx/ 


will be equal to the angle ABC. 


* 


Now in order to conceive the reaſon of this con- 
ſtruction, we muſt have recourſe to fig. 16, and 
we ſhall therein perceive, that the angle CHL is 
equal to the angle BAC, becaule the lines, CH, 
HL, are both perpendicular to the common inter- 
ſection, AG, of the planes, GAB, GAC; and 

conſequently, the angle cHL equal to the angle 
 CHL. We ſhall alſo perceive, that in the trian- 
gle CXc (right-angled at c) the angle CXc, con- 
tained between the two lines, cX, CX, perpen- 
dicular to the common interſection, GB, of the 
planes, BGC, BGA, is equal to the angle ABC: 
but, according to our method of conſtruction, the 
right-angled triangle cCx in fe. 17, is perfectly 
_ equal to the triangle CcX in fig. 16, and of courſe 
the angle at x in both equal likewiſe. N 


8e nr 
187, If we conſider the 17th figure with a little at- 
tention, we ſhall find that any triangle, ABC, deter- 
mines therein three other triangles, which may be 
regarded as its correſpondents z viz. baC, BaC 
and bAC; each of which hath one angle either 
common with or equal to one of the angles, and its 
other angles ſupplemental to the other two, in the 
triangle EAC; as alfo, two of its ſides ſupplemental 
to two of the ſides of the ſaid triangle, and one 
ſide equal, viz. that which is oppoſite to the equal 
angle: and as theſe triangles contain all the vari- 
ations which the given parts of a Problem can poſ- 
fibly admit of, it may not be improper by way 
ef exerciſe, and in order to underſtand more per- 


ts "= yearly - 
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fectly the nature of conſtructions, to make applica- 


tion of every particular caſe to each of chen n reſpec- 
tively. 9 


PROBLEM It. 


188. Gloves 7700 of the ancles, A, B, of 4 bei 
cal triangle, BAC, with their adjacent fee, AB 
find, 185 the other [wo fia des, and 2, the brd an, 58 


SOLUTION. 


Having ken upon the circle AR Da- the arc 


AB equal to the ſide given, and drawn to the cen- 


tre G the radii, AG, BG, erect the lines, Gr, 
GM, reſpectively. perpendicular thereto ; then 


take the arcs, MN, RD, reſpectively equal to the 
angles at B and A, and having drawn the /nes, Ny, 


5 Da, with the ſemi⸗ -axes, GB and Gn, GA and. Gd, 5 


1 deſcribe the ſemi- ellipſes, Bub, Ada; and their point 


of interſection, C, will be the projection of the an- 


gle C of the ſperical triangle BAC : then through 


this point let the chords, ICL, CF, be drawn per- 
pendicular to the radii, GA, GB, and they will 


give the arcs, AL, Al, equal to the ſide AC, and 


the arcs, BF, . equal to the fide By. GE. 
of I. 
The ſides AC and BC being ian obtained, 


Ps angle C may be determined by either of the 


methods of ſolution given in the preceding Pro- 


blem. QE. 2% I. 


PROBLEM III. 


189. Glues two of the fi fides, AB, AC: of aſphe- Fig. 17. 


rical triangle, BAC, ef an angle oppoſite to one of 


them; 10 find 19 » the third f we: and 20, the other 100 


an? les. 
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, SPHERICAL 


-. SOLUTION I. 


Let us ſuppoſe the angle given to be, B, and 
allo that it is .] of what affection the angle A 


is, which is included betwixt the given ſides, AB, 
AC. Ihen in the firſt place, take upon the plane 


of the circle ABRar an arc, AB, equal to the given 
_ fide AB, and draw the rache GA, GB: which © 
being done, through G draw MG perpendicular 
to the radius GB, and take Gr thereon equal to the 
co/ine of the angle B towards M, if the angle BAC 
be obtuſe, or Go equal to the ſaid co/ine towards 


m, if acute; and with, Bb, uv, as axes, deſcribe 


the ellipſis Bul v. In the next place, take upon the 


circumference of the ſaid circle on each ſide of the 


point A the arcs, AL, Al, equal to the other given 
fide AC; then draw the chord Li, and through 
the two points, C, C, where it cuts the elliplis 
Bube, draw the lines, NX, Cu, perpendicular 
to the radius GB; and they will give the arcs, BY, 
Boe, equal to the third fide BC, according as the 


oppoſite angle A is ſuppoſed to be obtuſe or acute. 
QE. 10. I 

. Now in wer to find the angle A; ; havieg 
| deſcribed the ſemi-circle IKL upon the chord L 
as diameter, and drawn the ordinates, Cc, C'c 


draw alſo from the point H the lines, He, He, and a 
they will give the angles, LH, LH, equal to 
angle A, according as it is obtuſe, or acute — The 


angle C may be found * the conſtruction in art. 


185, Q. E. 29, J. 


SOouu To I. 


"uh we  fuppoſe the ſides AC and BC with the an- 
gle B oppoſite to the fide AC to be given, we may 
ſolve the Problem * a different (though not more 

com- 


* 8 let wan. a woOY FF TY 


T-:R:16 0:N-O:M-ET-R-'Y. tog 
complicated than the preceding) method, as follows. 
Firſt, aſſume any point, B, upon the circumference 


of the circle ABRar for the vertex of the angle B, 
and through this point and the centre G draw the 


diameter BG# ; perpendicular to which draw the 
diameter Mon, and take 26 thereon equal to the 


co/ine of the given angle B; then taking on cach 
fide of the point B oe arcs, BF, BY, equal to the 
given 105 1 and drawing the chord F/, make, 


MG: FX: XC; and it is evident, that che 
point c i by this proportion upon the 
plane of the circle ARar) will be the projection of 
gh the cen- 


the angle C. In the next place, throug 


tre G and point C draw the radius GCP, and upon 


the line GC as diameter deſcribe a circle; then, 


from the centre G with the radius GH, equal to 
the co/ine of the given ſide AC, deſcribe an arc of 
a Circle, and through the points, H , where it cuts 
the circle deſcribed upon GC, draw the lines,GHA, 
Gh; and they will give, AB, or «B, for the ſide 8 
required, according as the unknown angle oppoſite 
to the given ſide BC is ſu ppoſed to be obtuſe or 
acute—We may likewiſe find the point C by a con- 


ſtruction exactly ſimilar to that given in 47. 186: 


for, if we deſcribe a ſemi- circle upon the chord 15 F, : 


draw through the point Xa radius which may make 


with F X an angle equal to the angle. B, and from 
the extremity thereof let fall a perpendicular upon 
the ſaid chord f F; the point C will by this means 
be determined independent of proportionals.- — 
The angles A and C may be determined : as in the 5 


| laſt Problem. LE EL © 7 
PROBLEM IV. I 


190. Given two of the angles, A, B, of a : ſpherical Fig | . 
triangle, BAC, with a fide, AC, oppoſite to one of 
them; to find, 1, the ſide oppoſite to the other angle; 5 


2, the third ſide, and 30, the third angle. i ey 


. 5 — « 4 t Y, 3 f * f 6 —_— ML. — — 2 — — ell, wo ES wang > ov 
8 > 2 — — — 5 —— * — yi evi — ag . K Aint co apternaige- 05g), ag oe — C : : : 
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SOLUTION. 


of the circle AB Rar let the diameter AGa be drawn, 


arcs, AL, Al, be taken equal to the given ſide 


AC, and the chord Li drawn ; upon which as di- 
ameter let the ſemi-circle IKL be deſcribed, and 
from the point H the radii, He, He, drawn 10 ' \ 
to make with LH an angle equal to the given an- 
gle A, according as it is obtuſe or acute: then 
from the points, c, c., let fall the perpendiculars, 
„C, CC, and they will determine the points, C, 
E for the projections of the angle, C, or C. In 
the next place, from the points, c, C, let the lines, 
cx, c, be drawn ſo as to make with the ordinates, 
Cc, Cc, the angles, Ccx, C'cx', equal to the com- 
5 plement of the given angle B; this done, let the 
line GCP be drawn, and 1 upon CG a circle, GHCh, 
deſcribed; after which, from the point Cas cen- 
tre with a radius equal to Cx (equal, by art. 186, to 
., whoſe poſition will determine the fides requir- 
ed) deſcribe a circular arc interſecting the former 


circle in two points X; then the ſide AB will be 


bobbtained by drawing the radius GX B; and a chord, 
E XF, drawn through the points, X, C, will 


give the arcs, Bf, BE, equal to the third fide B. 
—The third angle may ſtill be determined "BY: the | 


conſtruction | in art. 185... QE. . 
8 © H 0 EL 1 U M. 


N If the angles A and B be both acute, the . 

8 ſide AB (and thence BC likewiſe) will be deter- . 

mined by means of the point X which is found in 
the e AGr. tri Is e manifeſt 3 * 
We 


Through any point, A, upon the circumference 


and perpendicular thereto the diameter 7 GR. 7 
This done, on each ſide of the ſaid point let the 
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we ſuppoſe a circle to be deſcribed upon 0. G, and l 
the line C'x to be inſcribed therein, we ſhall ob- 
tain two other ſolutions of this Problem; viz. 
one, when the angle A in the triangle BAC is: 
acute, and B obtuſe; and the other, when the an- 
gles at A and B are both acute, and that at C 
_ obtuſe, — We have omitted drawing the ſeveral | 
lines neceſſary to the demonſtration, through fear 
: of OY the figure t too confuſed. 


PrRoBLEM 15 


5 192. Given the three | des of 0 ſpherical tr angle, Fig 17 7. 
BAC; 3 to And o one 8 Its angles. . 


SoOoru iN I. 


5 e taken upon the plane of the . ” 
5 ARar the arc AB equal to one of the given fides, 
and drawn through the extremities thereof, ä 
the radii, AG, BG; take on each ſide of the point 
A the arcs. AL, Al, equal to the ſide AC, and 
alſo the arcs, Bf, BF, equal to the third ſide BC; 
then draw the chords, Li, Ff, and their point of 
interſection, C, will be the projection of the angle 
e done, draw through the centre G the 
| diameters, GR, mGM, perpendicular to the radii, | 
OA, OB; then finda fourth proportional, G, to 
the lines, f X, CX and MG, and through the point 
u (which will by this means be determined upon 
M) draw the perpendicular N, terminated by 
the circumference at N, and the arc MN will be 
equal to the meaſure of the angle B. In like man- 
ner, find a fourth proportional, Gd, to the lines, 
IH, CH and 7G, and through the point d (thus ” 
= determined upon G) draw the perpendicular 4 D, 


5 and it will give the arc RD 1 to the angle 2 
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A —The angle C might be found by an exactly 
ſimilar conſtruction, by taking the ſide AC upon 
the circumference of the circle ARar inſtead of 25 


AB. QE. I. 


F. 11. 


Ssoruvr ion wu. 


k ve would ſolve the Problem without making 
uſe of proportionals, it may be eaſily effected thus. 
Having found, as before, the point C by the inter- 
ſection of the right lines, IL, Ef, upon LI as dia- 
meter deſcribe the ſemi-circle LK, * through 
the point C draw Cc perpendicular to the ſaid 
diameter; then from the point c to H draw the 
line cH, and it will give the angle cHL equal to 
the angle at A. In the next place, take Cx CX, 
and draw the line cx, and the angle cxC will be To 
equal to that at B.— The angle C pO be found $i 
by a fimilar conſtruction. a K 5 5 


n vi. 


— 4 93. | Given the three angles of a 25 berica 75 5 
1 5 70 1980 one of its fides. Es 1 


8 6 1. U T ION. 


Make a triangle DEF, which may laws 5 its three 0 
„ ie ſupplemental to tie angles of the given trian- 


gle; then, by one of the conſtructions in the pre- 


8 Problem, find the ſeveral angles of this tri? 
angle, and they will be the lupplements to the __ : 


: required. E. I. 


Ceneral Scholium for the foregoing . 


5 194. It is manifeſt that the ſix laſt Problems con- : 
tain the Geometrical ſolutions of all the caſes of 
= live angled ſpherical triangles z but the con⸗ 


ſtructions 


"of 
1 
EY 
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ſtructions may be equally (only with much greater 


. fimplicity) applied to right-angled triangles. We 
have omitted giving the demonſtration of every 


particular ſolution, ſeeing they may be all deduced : 
as ſo many Corollaries from tlie general conſtructi- 


on of the orthographic projettions alreadyexplained 


in art. 160, and laid down in g. 16; the perfect 


underſtanding of which being once ſuppoled, all 


the ideas neceſſary to a complete demonſtration of 
theſe ſolutions will follow of courſe.- 


We ſhall 


now ſubjoin ſome ſelect Problems relays to this 
kind of projection, as being that whereof the great- 


eſt and moſt frequent ule 1 is made in Aſtronomy. 


333 VII. 


i 19 A Given the ellipf 7s which is the orthogra » bic projec- . 


lion of a great circle, to find upon the plane of Projection 
the appearance of the poles of this circle; and conrari- 
H, having the projetied poles of a great circle, to find 


the . 5 which 15 Lhe FOE oY the OY circle, 


8 0 3 U T I 0 N. ; 
Let us  fuppolie the right line As to repreſent the 


lar to GL, is the axis of the circle to be projected, _ 


which will conſequently be repreſented by GL; 
then it is evident, that the circle, ABab, which 

paſſes through the poles, P, p, of the circle to be 
projected, will be perpendicular to the plane of pro- ; 
jection. This being premiſed, if we let fall the per- 


pencieulars, Pe, Gg, it will cafily appear that, = 


will be the projeRton of the pole P, and g that of 5 
the extremity G of the diameter GL, of the circle to 


be projected + but, ſince the angle GCP is a right 


WWW 


Fig. 19. 
5 plane of the great circle of the ſphere, upon Which TY 
the orthographic projection of all the points of the 


ſpherical ſurface is made, and that Pp, perpendicu- | 


114 SPHERICAL 


one, the angle GCA will be the complement of 
the angle CP, which denotes the elevation of the 
pole above the plane of projection; and there- 
tore, it follows that, the diſtance Ce of the projec- 
tion of the pole P of a great circle C is equal to the 
co/ine of the elevation of the ſaid pole above the 
| plane of projection, or, which is the ſame, to the 
Ineof the elevation of the circle to be projected above 
the plane of projection; and that half the leſs axis of 
tuhe ellipſis, which is the projection of this circle, is 
equal to the ue of the elevation of the Pole above En 
the ous: of POO . E. I. RS 


ProBLEM VIII. 


N 196. To find the dimenſs ons of the ellipſes, 15 . is e 
5 the — _ projecves of a leſſer circle 7 the oo” . 


SOLUTION. 


Lat the line MON repreſent a diameter of the = 
: le circle, whereof the orthographic projection 

is required; alſo, let this line be perpendicu- 
lar to the axis Pp, and the leſſer circle, which 


it repreſents, will be parallel to the circle GL, 


whereof Pp is the axis: then from the points, M, e 
O and N, let fall the perpendiculars, Mm, Oo and 
Nu, upon the line Aa; and, it is manifeſt that, 
che point o will be the centre: of the ellipſis, which 
is to be the projection of the leſſer circle MN paral. 

Jel to GL, and mn the leſs axis thereof, This be- 

ing premiſed, on account of the ſimilar triangles, 5 
EPs. COo, we ſhall have, CP: CO: : Ce: Co; that 
is to ſay, As radius is to the fine of the di ſtance of the 

Aer circle from the great circle to which it is parallel, 
1 is the coſine of the elevation of the pole of the ſaid great 
ircle abeve the plane of projection to the diſtance Co of 

Ae centre © of the ellipſe do be deſcribed from the centre 

0 The Amar triangles, * MOR, likewiſe 5 
give, : 
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give, GC: (g:: MO: ORor om o that is, 4s 
the ſine total is to the fne of the elevation of the pole of | 
| the circle GL above the plane of projection, ſo is the 
fine of the di ſtance of the leſſer circle from the ſaid pole 

to half the conjugate axis of the elligſis which is to be 


Aieſcribed, and whereof the tranſverſe axis is mani: 


feſtly equal to MN. The point m might alſo 
be found by taking Cm equal to the fine of the dif- 

ference of the arcs, MG, BG ; and * 5 

| the ellipſis Ag; deſcribed. "IN I. 


£ Application of the two 2 Wal 10 the projections 
ẽſed in the Theory of Eclipſes. 

The Earth being ſituate at a prodigious a 

: diſtance from the Sun, all the rays which come from 

_ thence. hither may be conſidered as parallel; and 


if we imagine a plane perpendicular to the ray 


5 which iſſues from the centre of the ſun to that of 


the earth, this plane (which will cut the ſphere 5 
into two equal parts) will repreſent the diſk of the 


| earth as appearing from the ſun ; alſo ſeparate the 
__ enlightened from the darkened hemiſphere, and 
laſtly have all the points of the hemiſphere expoſed _ 
to the ſun projected orthographically upon it. This 
being premiſed, if, P, p, repreſent the poles of 
the world, the line GL will denote the equator; 
the little circle MN will be a parallel whereot GM 
is the Geographical latitude ; the circle ABA will 


be the circle which Aſtronomers: call the univerſal. 5 


meridian; the line BC will repreſent the ray which 
comes from the centre of the fun to that of the 


:-." earth, and conſequently the arc BG be the ſun's 
. declination ; ; the line Aba will be a line perpendi- = 
cular to the plane of the circle Bob, which has the 


axis of the ecliptic projected upon it at the ſolſtices, 
and makes with the ſaid axis an angle equal to the 
obliquity of the ecliptic at the equinoxes; Ac 


B will 
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will repreſent the circle upon which all the points 
of the cart! en from the ſun are orthographicallß 


projected, and laſtly, aP be the elevation of the 


pole above the illuminated diſk, and manifeſtly 


equal to the ſun's declination. - 
definitions, we would deſcribe the ellipſis which'is 


the projection of the parallel MN, it is evident 


khat, the Problem will be exactly the ſame with - 


that in the laſt article; except that the analogies, 5 


which we there gave for finding the centre o and 
half the leſs axis of the OP to be deſcribed, will. 


here be expreſied thus: 
fine of the geo rupbical Wen of the Parallel, ſo is e 


As radius is to the 


 Coffine of the ſun's ; declination to the diſtance Co; and 29 


to Half the con 7 axis of the 2 s WHICH 1 7s the Pro- 
a e of the ſaid paralle*. 


Fig 20. ä 
on 1s to be made. 


ſo is the cojine of the georrophical latitudeof the parallel 


198. As theſe graphical ſolutions very y frequently, - 
occur in Aſtronomy, but particularly in the deter- 
maination of the tranſits of the planets over the ſun's 
Aiſß, we ſhall here give the method of delineating 

upon the illuminated diſk the parallel of a place, 


arcs, AP, Ap, equz 2] to the ſun's declination for 


the time when the projection is required: 
draw the chord Pp, and the point , where it cuts 


the diameter Ho, will evid 1 be the een of 


p. 700, c. 


— 


| the 


* For günther fatisfa Aion fre My De 4 Landes 8 Ag ronomie, 


Now it, after theſe 


As the fine total is to the ſine of the ſun's relation. = 


_ whereof the latitude is Known, according to che 
froregoing principles. 
i AGaQ be the circle upon which TE projeRti- 
Through any point, A, taken 
upon the circumference thereof, draw the diame- 
ter Aa, and on cach fide of the ſaid point take the 


Pa, 


then 


the t 


Pth 


the C 
TOF :* 


Q!, 


Ware 


the 


eur 
win 
10 
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the pole P In the next place, draw to the pd 
P the radius EP; perpendig: war to winch 
the diameter ECO, and it will repreſent the's equa- 
tor: then, from the ane; (2, FLO: ace How: "EN 
-QHZ L., equal to the latitude of the place (to- 

wards A if it be of the ſame denominain 175 Wen 
the ſun's declination), and draw the cho 2 
cutting the diameter Pp' in the point &; dpa 
: which | draw Hb parallel to i Pp, and i it . Wl 8 D 


for the centre of the ellipſis to be del io! TIDE 5 { 18 
done, take CN equal to the ne of the di; Fe fence of 
the arcs, AP, AL, and ON will be half the lets 


axis of t! the required ellipfis ſis, whereof Min cqual to 
I is the greater axis - the fore. if we take '0; 7 = 


O, and upon the axes, "'M m, N. deferite an. 
ellipfis MIN 7: zu, it will be the proje Ction Of ne Pa- 
rallel given for the day when the fun's declination 

ro equal to the arc AB. as att TO! en the © cle 
82 in two points, G, I; chrou, h 9 H. is Ii "We. 
draw the line G1 (perpend iculat r do th e radius C9, 
and reduce the arc GH into hours, e Aim : 

ſeconds, we ſhall get the length of the day$faor the 
ſaid Parallel at che time Wen th ination ts 
| equal to the arc Ab. „„ i 

199. The projection of the equator upon the. 

| pl: ne AGaQ may 1 Lame be Cc io ily found, rn, 


2 + % . . 72 „ 
from the ©% aren ties, 1E, 4125 Of 1 CH. Ainet E 


8 411 
, - 


which repreſenc che equator, We ctrl tis Ber⸗ 

| pendic lars, 8, . , a and i ben „ 12922 
deſcribe the ciiipſis 595 4, It Wilk nen hen 
tion or the terre! r 17 1] EQUATOF 25 fon om ile 1191 
At tlie time when the cid 33 9 tHe 


-arc AP. 
- : 


5 . * — * 1 | 4 5 7 . 3 
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gisckion of the ecliptic. as well as of che att 
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ſerved, that, as the axis of the equator makes al- 
ways with that of the ecliptic an angle equal to the 


obliquity of the 8 the pole P will deſcribe 
round the axis of the ecliptic the circumference of 


a leſſer circle, which will have its radius equal to the 
fine of this obliquity,and be the baſe of a cone whoſe _ 

8 perpendicular height is equal to the cone of the 

. faid obliquity, taken upon the axis of the ecliptic : 


therefore, if upon the line C®, as diameter, we de- 


ſcribe a ſemi-circle CV®, and inſcribe therein a 5 
Ine CV equal to the cone of the obliquity of the 


ecliptic, and then draw the line V Cr, we ſhall by 


this means manifeſtly obtain the axis of this great 


circle. Moreover, ſince the ſun is always in the 


_ plane of the ecliptic, it is evident that this circle 
muſt be repreſented by a right line; conſequently, eg 
if ECT be drawn perpendicularly to its axis RC ;, 
this line will be the projection of the ſaid circle, 
and the points, , 2, where it cuts the ellipſis BSbs, 
thoſe of the equinoctial points. In the next place, 
if through the point we draw the ordinate FOE... 
5 perpendicularly to the diameter Bb, it will deter- 


mine the arc AF equal to the ſun's right aſcenſion; 


and, if we alſo draw through the ſame point the J 
line D perpendicularly to the diameter ECT, the 
arc #Þ will be the meaſure of the ſun's longitude. 5 


We might A to find with equal facility the 
appearance o 


equator and ecliptic; only we think it unneceſſary 


to inſiſt any longer upon this head, ſince it is ſuffi- 
cient for our purpoſe to have ſhewn how eaſily 
the orthographic projections may be applied to 


the Problems of ſpherical Aſtronomy. 


We ſhallobſerve however, that ſeveral Aſtronomers 
ſeem not to entertain a ſufficiently juſt idea of the 
nature of thele conſtructions; ; tor, whilſt ſome re 


55 VVV 


he ſolſticial points, both upon the 
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Ject them entirely, as deſtitute of a requiſite exact- 
neſs, others there are on the contrary, who place 
too much dependance upon them: the uſe, which 
we think ought to be made of them, is that, which 
is generally made of all Geometrical figures; Vir. 
to conduct the mind in the reſearch of numerical for- 
mul by the application of Algebra, or the gene- 
ral rules of Trigonometry : for which reaſon, and 
that the Theory of this kind of projections may be 

the better illuſtrated, we ſhall annex a few Corol- 

laries upon the foregoing Problems. 5 


Conrorttany 5 


e 7 11 1011000 from the laſt Problem, that i in 
0 to determine upon any ellipſis, which is the 
5 projection of a great circle, an arc which may 
contain any number of degrees, and alſo com- 


mence at a, certain point upon this ellipſis; we 


need only let fall from the given point a perpendi- 
cular upon its tranſverſe axis, and produce it to 
the circumference of the circle deſcribed upon this 


axis as diameter; then, from the point where the 


_ circumference of the ſaid circle is cut by this per- 

pendicular, ſet off an arc equal to the number of 

degrees given, and afterwards from the extremity 
thereof let fall another ordinate upon the tranſverſe 


axis of the ellipſis, and there will by this means be 


determined upon the periphery of the ellipſis an 
"WEE containing the number of deg grees s aſſigned. 15 


a 


Coneriant I 


202. If the arc is to contain 909 : having let fall 
from the given point a perpendicular upon the 
tranſverſe axis of the ellipſis, we need only take on 

the ſaid axis, on the other ſide of the centre, a line 

- equal 


Fig: 21. 
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equal to the fine of the arc comprehended betwixt 
that extremity of the axis which is nearett to the 


given point, and the perpend:cular or ordinate 


which paſſeth through this point, For example, 


if we would determine upon the ellipſis ACda an 
arc of 90, commencing at the point C; we need 


only take the line Gx equal to the fine H of the arc 


AI=AC, terminated by the ordinate which paſles 
through the point given, and then at the point 2, 
thus obtained, ere the perpendicular al, and it will 
give upon che faid ellipſis the arc C/ equal to 909. 
In like manner, if, upon half the greater axis GG 
a the ellipſis BCs, we take the line G equal to 
the /ne FX of the arc BF= BC, and erect the per- 


; dealer 3 W ſhall get upon this ellipſis the 


as every ſpherical angle is meatured by the arc of 


1 1 "go . 


We Co III. 


203. F rom what has been already ſaid, it will 
= be very eaſy to find upon the plane of the circle 


ABRar the meaſure of the angle C or BCA; for, 


a great circle comprited betwixt its ſides, and de- 


ſeribed from its vertex as pole, it is manifeſt that the 


whole difficulty will conſiſt in deſcribing the ellipſis 
Q/q, which is the projection of the great circle 


_ whote pole is at C; the method whereof is as fol- 


les axis of the ellipſis which is the projection of 
the great circle whoſe pole is at C: then the points, 
45 J. : where this e cuts the e Ada, 


lows. Through the point C and centre G draw 


the diameter PCGp, and perpendicular thereto 


through the {ame points the lines, GC, QGg ; 
then take upon Gp a part, GS, equal to GC, which 
is the ine of the elevation of the point C above the 


plane of projection, and this line will be half the 


Bus, 
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Bub, will determine the arc f/, whoſe correſpon- 
dent, 2 y, upon the circle ABRar, contained betwixt 


the ordinates, „ A, ge, will be the meaſure of the 
angle at C. 


'ConoiLtanr IV. 


204. But, in order to find the meaſure of the an- 

gle C, it may be eaſily perceived that, it is not ab- 

| folurely neceſſary to deſcribe the ellipſis which is 

the projection of the great circle whereof this angle 

is the pole: for, having determined, as before, 

the points, J, F, upon the ellipſes, ACa, Bub, if 

from theſe points we let fall upon the diameter 
QG9, perpendicular to GCP, the ordinates, IA, 5 1 
Fo; their prolongations to the circumference VC * | 
the circle ARar will determine the arc #7 equal © to | 
the meaſure of the angle C. . 


ProBLEM IX. 


20 5. . 7 o find upon the ſurface of the 18 ABRar; er. 21. 
„ the projection of the arc Ay let fall fram the angle 
A Ck upon the oppoſite fide BC; 2%, the 
values of the ſegments, BI, C2. of the fide BC; 3, the 
ſegments of the angle BAC, and 4* , the value of the 
; perpendicular AZ. Re. 


SOLUTION. 


Since the arc, whoſe projection we ſeek, is part : 
of a great circle of the ſphere paſſing through the 
point A; it is manifeft that the line AGa will be 
_ rhe tranſverſe axis of the ellipſis which is the pro- 

jection thereof: moreover, ſince this circle is to be 
perpendicular to the ſide BC, it muſt neceſſarily 
paſs through the pole of this arc, and of conſequence 
the ellipſis required alſo through the projection of 

Eh the ſald pale : therefore, if we take upon the Gs - 
R | Sen 
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Gm a part GZ Nn, the point Z will, by art. 195, 
be the pole of the arc BC, as well as one of the 
points of the ellipſis to be deſcribed ; then, if 
through this point Z. we draw a line Ze perpendi- 
cularly to the diameter Aa, and produce it till it 
meets the circumference of the circle ARar in a 
point o, and likewiſe take upon RG a line, Gp, a 
fourth proportional to the lines, % CZ and RG, 
the ellipſis Aga deſcribed upon the ſemi-axes,GA, 
St, will be the required projection of the circle 
5 perpendicular to BC. Q. E. 1“. I. 
2. If through the point 3, where this llipfis 
cuts the fide BC, »3», be drawn perpendicularly to 
the radius GB, the arcs, f, By, will be the ſegments _ 
of the fide BC. Q. E. 20. I. 
39. If at the point e, we raiſe bo perpendicularly 
to the radius GR, the arcs, Ro, Do, will be the 
meaſures of the ſegments, 2 Caz, of the an- 
_ gle BAC. . 4 


4*. Laſtly, if on the point > we Aras he -- 


ordinate :3, perpendicularly to the radius GA, the 
arc Ay wall be the value of the PEP Ab. 


Q. E. 4. I. 1 
. 1 8 
206. If it was required to 8 the projecti- 
on of the circle, which ſhould divide the angle 
BAC into two equal parts, it might be effected by 


an exactly ſimilar conſtruction; by taking upon 
the radius GR a line, Gæ, equal to the co/ine of half 


the angle BAC, and describing an ellipſis upon 


A and Gt as ſemi- axes If the perpendicular 
was ſuppoſed to fall from the angle C upon the ſide 
AB, produced as far as neceſſary, the Problem 

| might then be ſolved by means of the conſtruction 
given in art. 203. Laſtly, it is manifeſt, from the 
conſtruction of this Problem, that the arc Rd is 
equal 
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equal to the arc Az, perpendicular to the fide BC, 


ſince the arcs, AR, 1b, each 900, have the part » R 


= EE 


SERSLTS II. 


207%. This conſtruction naturally leads us to a 


very ſimple and very elegant demonſtration of one 


of the famous analogies of Neper, nearly reſem- 


bling that which he himſelf hath given us in his 


Conſtructio.— Having determined the ſeveral 
parts ſpecified in the foregoing Problem by the 
method above given, at the extremity, A, of the 


eie ENGUEG, Logarithmorum mirifici Canonis 


diameter Aa erect the indefinite perpendicular AA 
then from the point B as pole, with a circular ra- 


dius equal to the are BC, deſcribe a leſſer circle 
upon the ſurface of the ſphere, and it will mani- 


feſtly paſs through the points, L, C, c and 7: 


moreover, through the points, _ c, draw the 


right lines, FCf, vc parallel to the tangent AK; 


and it is evident that the arc Af will be equal to 


the arc AC, as alſo the arc Ao equal to the arc Ac, 


which is the difference of the ſegments, AJ, C, 


formed upon the faid arc AC by the perpendicular 
By. This being premiſed, if we in the next place 


draw from the] point a through the points, L, I, f 
and o, the right lines, aLa, als, af K and 20k, and 


produce them to the tangent Aga; it will eaſily ap- 
pear that the four points, A, a, K and &, will be 
in the circumference of a circle deſcribed upon the 
plane repreſented by Aa, and touching the ſphere 


at A, and that this circle is the baſe of an oblique 


cone e vertex is at a. To demonſtrate which, 


it will be ſufficient to prove that the ſection of a 
cone, which has for its baſe the circle deſcribed 


upon the diameter L, by the plane Aa, is antipa- 


ralle] (fubcontrary) to the ſaid baſe; ſince it is ſhewn | 


RN 22 . | in 


— i: 2 _ 6— — . e 1 = . 2 3, 5 . m > * Su . 4 * . 1 — 
— CCC ⅛ K èͤ K En ine ah nm ̃ Pl.. 
: — — 7 y — 5 5 7 1 ; 7 — — _ . — 
— — — - — — — * 4 — 2 8 . D 1 n „ e eee 2 2 Es 4 2 . - od — 
„ 4 > == = © : , — — . , — — — — 8 
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in ſeveral Treatiſes upon Conics that ſuch a ſection 
is circular, Now the angle AAa, being formed 
by a ſangent and chord, will be meaſured by half 
the differe nce of the arcs, AFa, L, compriſed 
between its ſides: but, AL=AI, and therefore, 
ATa - L AP AFI AH el whence, as 
the half of this laſt arc is exactly the meaſure of 
the angle aL, the triangles, alL, aA, will be ſimi- 
lar: conſequently, the cone will be cut ſub- contra- 
rily to its baſe, and of courſe the circle deſcribed 
upon /L projected into a circle upon the plane Aa. 
I his proved, the interior ſecants will laſtly give, AK: 
Ad: : A: Ak; that is As the tangent of balf the baſe. 
AC, is to the tangent off half the ſum of the ſides, AB 
and BC, ſo is the tangent of balf the difference of the/e 
Sides to the tangent of half the difference of the ſe ſe ments 
of the baſe. 


In order to be convinced of the identity of theſe two = 


proportions, it muſt be obſerved that, by regarding 
the diameter Aa as radius, the lines, AK, As N 
and Ak, will be the tangentsof the angles, Aa K, Aa a, 
Aa and Aał, at the point a; and that, as theſe angles 

have their vertices in the circumference of the cir- 

cle ALa, they will be meaſured by the halves of 
the arcs contained betwixt their ſides: but, the arc 
A is, by conſtruction, equal to the baſe AC of 
the ſpherical triangle BAC; the arc AL to the 
ſum of the ſides AB and BC ; AJ to the difference 
of theſe ſides, and Ao to the difference of the 
ſegments of the baſe, ſince the arcs, Ac, Ao, are 
contained betwixt the parallel planes, Aa, wo, and | 
e equal. 


Senolium HI. 
208, From the preceding demonſtration it may 


; be collected that two kinds of Projections have 
been 
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been made uſe of; the one 9thegrahic f all the 
arts of the triangle upon the pl. of the circle 
ALe; and the other upon the plane repreſ-nred 


by Aa, which is called the Peter projection, becauſe | 


the eye was ſuppoſed to be paced at the point 7, 
conſidered as one of the pots of the ſphere, Now 
theſe projections have a great affinity with the ſte- 
_ reographic ones ( whereof very irequent uſe is made 
with reſpect to Maps), and differs from them only 
in this; that in the latter the eye may be ſuppoſed 
at any point upon the fartage of the fo phere, and the 
projection of the oppoſite hemiſphe 0 made upon 
the plane of a great circle, produce as far as ne- 
ceſſary, and 3 to the ra 


of the globe: which important property a ne- 
ceſſary conſequence of this, that the cane 57 pro- 


jections are always cut in a ſub- contra: * fn nc by- 


the plane of projection. They who Wi o- 


roughly underſtand this ſubject, may ha vrt 


to the works of Father Tacquet, or to the &5:> 5 
of Father Aiguillon - Ve hall now, in che alt 
place, tubjoin the following Problem, ſince it form 
niſhes us with an ext remely ealy ſolurion GE _ 
of the caſes of ſpherical Trigonomecry, as a WIA 
a new ſort of graphical ſolution. 


PROBLEM X. 
— the three Ades of a 2 hericol triangle, 
BAC, to find one of twe an git ter 62 y develo piu 11: 
parts, RE os 
TION SOL O- 


dus drawn 
from the centre of the ſphere to che lace of the 
eye upon the ſphere's ſurface. The -.--eminznce 
of theſe projections ariſes from hence, that they al- 
ways give fimilar figures to thoſe which are requi- 
red to be projected, and conſequently repretent 
upon a plane the Map of a Country by figures 
ſimilar to thoſe which are formed 9. 8825 che ſurface : 
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$OLV T 1 O N. 
Upon any circle, BAC, take the three arcs, AB, 


Fig 2. 23. AC and BC, reſpectively equal to the three ſides 
of the triangle whoſe angles are required; and 
having drawn the radius GA (if it be the angle A 
which we would find), draw thereto the tangent 
dA, terminated at d and D by the prolongations 


of the radi! GC and GB: then upon the radius 


GC, produced as far as neceſſary, take the line 
Gd equal to the ſecant Gd of the fide AC; and 


fromthe points, D,A, as centres, with the radii, Dd, 


Ad, deſcribe two circular arcs interſecting each 
other in the point , and they will give the angle 
A equal to the angle A of the triangle BAC. 
We might find by a a ſimilar conſtruction the other | 

two angles of this triangle. 

This ſolution, it is evident, carries with it its : 
own demonſtration; for, the lines, AD, Ad or 

Ab, being the tangents of the arcs, AB, AC, and 

by conſtruction perpendicular to the common In- 

terſection, AG, of the planes, BAG, CAG, the 
angle formed between them, when terminated by 
the line D3= Dd”, will manifeſtly be 9 to the an- 

glc A. in the triangle BA Cf. QE J. and D. 


CorortLary * 


210. This conſtruction, it is very plain, might 
be made uſe of in order to find the ſides of a trian- 
gle whereof the three angles are given, by apply- 


ing it to a triangle whoſe ſeveral parts are ſupple- 
mental to thoſe of the ſaid triangle (4 art. 130). 


Conor 


n - . — _ 3 6 p . : — 


— 


"4 Should not this 8 appear faficiently clas and 


ſatisfactory, conſult the firſt T Neuen of Simp/on's Trigono- 
metry, P. 23 · | 


as 
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CoROLLARY II. 
211. It is equally apparent that, this conſtruc- 


tion may be likewiſe applied to the ſolution of a 
triangle, whereof two ſides and the included angle 


are known. For, having taken the arcs, AB, AC, 


reſpectively equal to the tides containing the given 


angle, and drawn the tangents, AD, Ad, termi- 


_ nated by the radii, GB, GC, produced as far as 

_ neceſſary ; we need only make” the angle DAs 

equal to the angle given, take A equal to the an- 
gent Ad, and draw D3; then, from the points G 
and D as centres, with the radii Gd Gd and Dad. 
D Do, deſcribe two circular arcs, and afterwards 
from the point of their interſection, d, draw to the 
centre G the line 4G, and the arc BC will by this 


means be determined equal to the third fide ; from 
whence the other angles may be eaſily obtained, 
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be 


CHAP. iv. 


C ontainin by the Anabticel or Algebraical Rob 


lution of ſpherical TYAN gles. 


8 A DVERTI FEM E NT. 


-LE the calculations, which 1 we ſhall have to 
make in this Chapter, being founded upon 


che conſtructions given in the preceding . 
Will be abſolutely neceſſary to underſtand hem per- 


fectly before we proceed any further. However, 


that theſe calculations may not be rendered too dif- 


ficult for Learncrs by frequent changes of the ſigns, 


we ſhall uſually apply them to the 17th fg. the 


teveral parts whercof we ſhall denote 5 in the fol- 


lowipg Table: but, if any terms happen to change 
their ſigns when the formulæ by this means deri- 
ved are applied to other triangles, we are from 


thence to conclude that the angles, which were 
before ſuppoſed acute or obtuſe, become then ob- 


tuſe or acute; or that the lame changes a are made 
with rej} ſpect to the ſides. 


1＋ A 3 4-6 


. che ſine total be put Sr, and the pars of 
the triangle BAC expreſſed thus; 


„ ©» 3 Cin. 


6 
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Sin. AB=BK=8s. 


Col. ABS GRP. 


Then the Conſtruckions in arr. x60 will give the 
following v values of the . CX, Cf, &c. 8 


CP 


; Be or greater expedition and certainty, and to 
prevent the trouble of recurring inceſſantly to this 
Table in order to find the analytical expreſſions of 
the quantities it contains, it will not be 1 improper 


Tang. B = =» 


Ce. BAGS x, 


ar 
Si = ACB= 5 — iP 5 
2 9 7 


din BC=FXorfX=e. Rs — — 2 . 
cat 


7 ang. AB = 


| Sin. AC=LHorlH=f. Tang. BC = i 1 
5 Col. AC=GH= * 
W 
2 ABC=Gz=n. 
Sin. bac-Dasp. 


Te. AC = =#*, 
© 


T ang. S 


for the Reader to tranſcribe the whole upon a plece 
of looſe paper, and carry the ſame along with him as 


he proceeds 1 in the ſolution of the ſeveral Problems, 


'Paoprth 3 
212. To "find the relation betwixt the 1 nes of the 
8 | 


angles 
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angles "mw "Ye of the fices of any ſpherical tri- 
ang e. 


801. U T 1 DN 
From the interſection of the chords, FF, IL, we 


ſhall have, CFxCf=CL x C1, or, which amounts 
to the ſame, “ FX'—CX' =/H'—CH* ; and, if 


for thele quantities cheir algebraical values be ſub- 


2 2 2 252 
ſtituted, we ſhall get, E 2 — ,or,c? 72 
-c ir — ; which, after putting m* in 


the place of 1.1 and * for 7 1 become, 


c mir f pn: then, if we extract the ſquare roots of 
the members of this equation, and put theſe roots 


WM proportion, we ſhall find, c: F:: p: in; that is, 
Sin. BC: Vn. AC: In. BAC «fon ABC: from wherice : 
it is manifeſt that in any ſpherical triangle, The 


fines of the angles are 10 each other as theſe Ul their 


42 oppoſite 18 * I. 


Proxvin . 


21 13 Given two fides and their DS angle i : ts. 
find 1“, ether of the other angles, and 20, the third 


fat 


1 0 L U Tt 0 N. 
Let the fi ſides, AR, AC, with the included angle 


. 17. BAC be the parts given, and let it be firſt required 


to find the angle 5. On account of the ſimi- . 


lar triangles, GKB, GHO, we a have, GK: 


KB :: GH : HO, or, B: 4: C = 3 allo, by the 


| conſtruction given in art. 90 ""e ſhall have, Gr: I 


Gd: JEL: CH, or, r:q: 1 '; therefore, Oe 
+ CH. 


— 


— — — 


mis will aii appear From the ; -th Propoſition of the 
2d Book of Euclid. e — 


n 131 
CH+HO= = / 7. Moreover, it is evident that 
the angle Ocx in the right: angled triangle CXO is 
equal to the angle AGB; wherefore, we ſhall get 
from ſimilarity of triangles, R : coſ. AB:: CO: 


CX, and conſequently, cx 2 : —=: laſtly, fince 


the lines, FX, CX, MG and »G, are proportional 


by conſtruction, we ſhall have, FX: CN % MG: 
1G, or analytically, c(= LL 2 * art. 212): — : + 
1 1 15 from whence We get, — irs + | 


mM 8 1 
. er eg 
the eon member hs equation by f ) - 


45,5 and therefore; = = {oy aividing 


12 | 
3 
AEYF | 


bg+== 
þ 2 5 ＋ 


| RR Au. A 


55 that i: 15 to ur, Tang. B = . wes 
Q. E. ER. 


__ ABT. reg. De A 5 


In order to obtain the third fide BC, we 
_ onl y regard the. ine of this ſide as unknown, 


and put c in the Place of Li in the equation ag 3 


7 
2 


ond nd we. ſhall get, = + 7 that is, Sin. 
en ACx fin. AB ABR Ars BG 


COROLLARY. 


214. It | is evident, that if we ſuppoſe ichen 
ſides with the included angle given, and purſue a 
ſimilar proceſs to that wher by we found the angle 
B, we mall get the following for rmile; 


S 2 Tang. 


2 . 
3 
2 — I 
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RZ x An. A : | | 
Tang. B = — fn ABN cot. AC + co. AB X NK on 
R* V Ann. C . 
fin. BC col. AC coy. SCN C 
| 5 5 R* x fin. A 
Tang. C== AC C X cot: AB + c. ACXofA © 
| RN Vn. B 1 
fin, BCX or AB +ep. FN i 
5 R* x /in. C FOE 5 
Tang. A = — f . ATX at. vc e = 
FE R' x An. B . | 
fan AB N ccf. B C + c. NOB | Ne: 


But, here it muſt be obſerved that, ſome of - 
the terms of theſe formulæ will have their ſigns | 
changed, according to the different combinations Y 
ot acute or obtule angles; ſo that, whenever we 
would apply them to an particular caſe, we muſt 
have reipee t to this conſideration. For inſtance, if 
we would obtain the value of the angle B of the 
triangle BAC in Fig. 18, from having the ſides, _ 
AB; AC; and their included angle A ER} "WE: 


ſhall find, as in Fe. 17, that, HO = EN _ a cn 


A, 


ih =; but HO i is equal to HO—CH, and there- 


"fore the 7 ang. of the angle B becomes = = 
et Px 
. * ITT AC -c AB X co. . 


| the formula for the tangent of the angle C, &cc. 


P R 0 BLE M III. 


— M4 5. Suppafi ing the ſame things given as in the pre ; 
eeding Problem; it is required to find the third /i 4e 15 


wil heut regars. to the angles ee e thereto. 


$OLU- ; 


—— In like manner 
the term coſ. ACxcoſ. A would bacon: negative in 


ERLGONOME TRY. us 


SOLUTION. 


For facility of calculation, we will ſuppoſe the 
| fides AB and BC with the included angle B to 
be the parts given: then, it is manifeſt that, all 
we have to do is to find the value of the /fine 1H, 
or caſine GH, of the fide AC. Now in order to do 
this, we ſhall get from the right- -angled triangles, 
GKB, CXO, cf, AB: /in. AB:: CX: XO, or, &: 


4 25 . ; whence, GO or GX IXO 41 : 


likewiſe, from the right-a ngled triangles, GKB, 


_ GHO, we ſhall 0 co /. AB: : GO : GH; ar. 
: algebraically, " +: e Arta. Be = O.AC. 


EL: 


pray 


Conotltany I. 
gn 


5 PER Therefore. 7 in general, When 1 in any b he- 


rical triangle two of the ſides and the include an- 


gle are given, we ſhall have the lowing formulæ 0 


FE: for finding the third ſide; 


Lehe O+Rx oo ABY BG | - 


Cf. AC = = -- : 
Co. AB = e ACK e : 
i : 00 1 ma AC 0 A 2 

| & e AC-+ Rx 2 2 


* V . 


Con 1 


ts 217. From theſe formulæ it will follow that, if 
; oF be called the ver/ed fe ne of an y an angle C. we ſhall | 


— — — — 


5 R R? Xev/. BC—AC—eo/. A 
have, 1 e eee e For let R- 


V be put in the place of co. C in the expreſſic 1 


=” 00 AB found 1 in the laſt Corollary, and we ſhall 
| get, 


— P r — —— 
9 * 3 — ara + — 5 — 9 


— And — — 
9 


. * x - a * 
— . ⁵⅛˙rU—————— ———— 
> n ; 828 eee. 


1 4 
1 - 
1 2 1 
þ 10 
. 
by 
[ 1 
\ f 
1 


- — 1 PEST LR _ w ONE BE _— 
N — 2 r » 4, 
1 rr — 72 — — VO ID” i ws 
r 2 - a - — Mp ———— —— 


89885 RN cgi. DC AA: . ref, AB. 
e es BC LAC | 
of. fin. AC Nen. Bo, deduced from what hath been 5 

: demonftrated 1 27; 20-4 


7 ee | IBA 5 
Rx Sei J E ace. VE: rc. 


: ONE: of differen 0 formule, 
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get, of. AB=RR=ce}. AC x ce. BC R + n. AC 
An. BCxR—;/in. AC x fin. BCM bur, by crt. 


| 24, 0 cof. 1 \C > col BC /A. AC x. in. BC. Rx. 


BC —AC ; therefi tore, by the ſubſticution of this 


value and che common methods of reduction, we 


* co; BC — — _ 


that find that, V= os - Vr. ACX/n, BC 


_—_ 


—= 


; by ſubſtituting the value 


"Corotiany III. 
2 218. If.! in the numerator of the firſt of the above 


| values of V. We ſubſtitute for col. BC—AC—eef. AB 
what may be deduced from the demonſtration in 


art. 57 to be equal wt it, there will ariſe this ex- 


5 pretſion, Ta TT i 
xn] 2 * — 5. 1 N 2 — 2 8 


3 


| ou AC * Ba BG: 7 


an ſince we have ſhewn, in art. 22, chat the 


| 2 /n. 3 3 angle 


werſed ſine of an angle = Te we hall get 


by this laſt fa bſtitution, fm. 21C= 


C—AC A —BC 
W 4 S) 8 


. —— aud, by ex 


Fun. r. BC 


| tracting the ſquare roots, Sm. 5 LOS IN 5 


. * 
— . 
— 


_ ——  —— 


= "AC x* FR Fe 


5 1 is t * Pn. formula with that already given 
in the ſecond Chapter for finding any angle of a 


triangle whereof the three ſides are known, and 
ſhews us the uſe of the algebraical analyſis in the 


SCHO- 


8 
35 


2 
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8 C H 0 L 1 0. M. 
219. Suppoſing ſtill that we knew two of the 


ſides of a triangle with their included angle, as the 
ſides, AB, AC, with the included angle A of the 
triangle BAC, and would find the third fide BC 


by means of! its fine, we ſhould ger, = 
VET : + 2abſpgr + 67 2 r —.— . 


an expr reffion | 


* 


manifeſtly too compliatl to bee ever uk; ed | in the 
© buſineſs of calcu lations. 8 


P R OBLE bY Iv. 
220. Given one ff de and the an- rcles above its to fad 


x 10, either of the other fl des, and 20 the thi ird ans E. 


1 SOLUTION. 
17 AB be the ſide given; . B, te ang! 5 : 


above this ſide, and let AC be one of the ſides N 
required; the „ne or cofine of which mult conſe- 


quently be regarded as unknown. Then we ſhall Fi, 2. 7 


1 the firſt place have, by @71.112 AX Or. an. EO Ih, 
£4 : in the next place, we. ſhall get an 2 1 
for HO * this analogy, of. AB : fin. AB : : 


6 11 


0 Since, by Prob. 1 * * Ii. 321 Hes and, , by 
L + 24 ¾j＋ gr. + | 
Prob. ox = Lasern. Le eur. 


. 
| hk 


7 2 


5 45 3 PH . z 9 - 
nb 5 i dll 1 af fi PR 2 * 


1 2 N 5 + + 


7 Nee | Cn . 
Vs 1 257 e 3 3 


— . * FS 


8 N 
— by 2 n — 
vn * \ 1 #4 £ X I . 7 5 ate p > NOS I, ; — N S OC  IUEITISS 2 

536 — - _— . —— A - ——ů—ů oe —2— — 5 TT 9 * — (94 2 2 * 8 3 C4 — A 

* — ” 4 K . 5 * — 2 us - * 22 —K 1 — a  - - — y- * a — * ——— IRS 
— — . = ry 25 _ 5 — — , * : po — —— —— 1 — an — —_ m—_ et og were an = - ne os —— . S ES Frm, 
NE ed eee en. ee a Ms oe 2 — O_o 3 2 2 x , . - > m—_— x N : 
os PE rs EN e — or, © 0%, . — — . * , - . 


get, 7 gr. - 5 
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GH: HO, or, 5; " $28 Z=HO we have 
likewiſe, CH =, and conſequentiy, COZHO | 


CH = © Lf : moreover, from the e - 


crangles, GKB, CXO, we ſhall get, R: of: AB:: 
CO: CX, or, by ſubſtituting the analytical values 


of this proportion, 73 5: 24 122 21 . = cx: 


V e OP 


laſtly, ſince the lines, MG, 1G, 7 X and CH, are 
Proportional, we ſhall have this analogy, R . 0 
B Vn. BC or f X: CX, or, Nee 7 


b 2 | 2 
2 = 2 YL, 5 whence we deduce, * = = ag + 2, „ 
, and by reduction, 75 5 5 or, by flowing 


the values of the kene. 7 ang. ACE 1 


RR Nin. AB 


5 Cot. "= Jin. Ac. == A: where the fin = 85 takes . 


place when the angle A 18 obtuſe, and the ſign + ; 


when it 1s acute. We might find 1 in like manner 
5 „„ - + AC. 19 88 
chat, Te ang. AB= — lk and, 


Teng. Bc 


8 cot. Cin. ee A? 
RR. AB 


Avr. TAB B QE. 1. 
29. E order to find the third angle C, after 


5 0 having found either of the ſides, let che equation f : 
: 2 wg 


21 | 
= = . be reſumed, and from thence let 


5 there be deduced the value of 1 3 an d we tha . 


an — rap el — or, Sin. 0 25 = ＋ 
: eof.ABX co: A Nu. ; 0 
e Ax. 2 I. 


PRO 


B % AB : GH: HO, or, © — 
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PRO Lin V. 


221. Suppeſ ing the ſame things given as in the pre- 


ceding Problem; it is required to find the third angle in 
. expreſſio ons of zhe Mi ts and angles given. 


80 L U T I 0 N. 
That we may the more eaſily obtain a : formula / 


for the part ſought, we will ſuppoſe the two angles 
A and C with the fide AC to be known, and the Fig. 17 
angle B to be that required; the fine, m, or ceſins, 
nu, of which muſt conſequently be conſidered as 
unknown. Then we ſhall firſt have, by the com- 
mon proportion between the mes of angles and 


thoſe of their oppoſite ſides, fin in, AB or BK = 42 bs 


and 184 


1 and, 2 iu. B c or f X = =? TT in a the next ns _ 5 
; ſhall get from the rriangles, GKB, GHO, coſt = 


= hn | 


>; es ofb. 


EI 


e Vin NM 


we have alſo. by 


contin, P : cof. * : ſi in. A ©: c H, or, | 


fs 4 [4 — CH; and eee co =. 


110 + CH = 3 oth: Fs & | | likewiſe, : 


; . * 


- from the right-angled triangles, GKB, CXO, we 
tall ber R : cof. AB. : : CO : "a or, in ſpe- 


ies, 1 v7 os m Be 4 . 5 i 


e & 


0 nm = 15 
41 2 2 2 . = C X. moreover. 
T_ e ow 


— 
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ſince, MG, »G, FX and CX, are proportional, we 


_ ſhall have, R 1 of, 5: X CX, or, 1: n:: | 


tf {85 4 Lay ns SE ; and therefore, 2/* 
3 I Tot TOTES | 


— 


e 123 — Kell 88 if we divide 


. 


2 


each member of this equation by = =, and take | 
away the radical, we ſhall have P. 1 — 2 bn + 1 


3 55 e. b* g* + 
N 3 


; the place of 1 „ 7 for * * 755 and divide the 5 


whole by r, we ſhall get, u 7 — 29 ˙— 
25 „ 1 - 
g*' b I: . 2 — wich equation, after completing 


; the ſquare according to the common rules for qua- Y 
dratics, and Ken reductions and ſubſtitutions, 1 


2646) e. EE 8 | 


5 becomes, * — pa 


we deduce, nan, "ae is, c * — 


2 e. 


on. Ax fi. C x of AC. 


e * . — We 5 
; might find by fimilar proceſſes that, Coſ. | = = 


8 in. AX ſin. co 25 of. : 

e and chat, c 
e 3 1 
REMARK. 


1 We might have avoided all * calculations 
which we have made in order to obtain the ſolu- 
tion of this Problem, by applying the formula in 

| ort. 21 5 to a triangle whoſe fro ſhould be rally 

; rally 


c 


then, if we put r- in 


= 7 whence 


* 
. A ̃¶ uA 
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rally the ſupplements to thoſe in the triangle BAC, 
and afterwards deducing from it by proper ſubſti- 

tutions the value of the co/ire of the angle required; 
only we judged ' it better to find this value by a di- 
A rect proceſs, that we might render the analytical 
ſolutions as eaſy and familiar as Fe 


. 


'COROELARY. 


222. Prom the formula, tang. AC= = 


5 RR Ni in. AB will nm 4 | 
. A. Are Ar x cf. . given in art. 220, it WILL. 5 


be ealy to find the tollowing values of the cot. of - 
this fide, by inverting the fraction, and putting 
8 co / AB | | cot, e K 
cot. A B for 15 viz. Cot. AC= "Fin. Al 
cot. B Xin. C 


b ot. ara, A SLAMS > Cot. berate. 


oo BC 


PROBLEM: VI. 


=D; 223. e two A ides and an angle oppoſe te to one 
f them; to find 1%. the angle included between theſe 
fi des, and 455 the / 4 adjacent to the 12 —. angle. 8 


SOLUTION. 


I ok the kaes, AB, Ac and the angle 1 oppo- Fig. 7 
ſite to the fide AC, be ſuppoſed to be given, and 
let the angle A be that 1 15 required, Then 


245 


let the equation, = =05 + A in art. 220 be 


reſumed, and the value of, p, 4, or = £obichnrethe f 


fine, coſine and tangent of the angle A) thence de- 
| duced, and the thing will be done. Now, if 


— — — — — - — — — — 8 
— — — — apeoemas 


for greater caſe we put, - — che tangent of the an- 
Tz _ gle 


— — 


* 
_ > — nr Cr ens me ene — 


ting II * in the place of 7 2 — 
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gle B = , and, 25 the 7ongent of the fide AC= 
4 579 | 


oy: we ſhall firſt get, 8 i, or, by put- . 


at L = 
— 5 


rr 


from whence we deduce this quadratic equation, 


"ati. Br ns a Px: 


| Ret 7575 og * + b*t- 2 . and, by 


the common method of calculation, 2= . 


— 


ar 5 "+6 1 $<=@ct 2 | We might find | 


Rr ern Ivy | 


in like manner, by cine for 2 inſtead * 
4, the value of the cine of this angle, or, 1 


b tri vr: 5 2275 2 — 75 7 


Fr + 3272 


hs. from: theſe values of 5 a 95 an analytical 5 
5 ns for the tangent of this angle. QE. 21. 


e. Suppoſing Rill that the bien 3 8. giv 


. are, AB, AC and B, and that we would find 
; the fide BC, or, which will amount to the ſame, 
the fine f X or cefine GX of this ſide. If 1 in the 


022 fr 


Equation, = ag , before given, we 
ſubſtitute for- the unknown quantities, 7 and 2. 


cm t 
their values, = and _ . FR A.” (wherein 


EP 8 


c muſt be regarded as dated we ſhall get, 


en—ag=>v/F- -; and thence, by the 
well known rules for wving quadratics, 7 . 
e m fn r — 4 — n 


n + nr nn 8 we 


might 


; and conſequent- - 
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ight likewiſe find from the above equation the 
value of the coſine of BC; but, as the expreſſion, 


conſiderably too complicated, it will be neceſſary 


J. 17. For this end, the rectangled. triangles, 


GEB, GR. will give, % AB: R. GX : Gr, | 
or, 5 r: td: = 75 73 whence, H 6 - Gr = 


g —#: the 15 triangles will likewiſe give, of. 1 
AB : fin. AB :: CX. X, or, b:a:: d 


alſo, from the right-angled triangles, GKB, CE-, 


we ſhall bet, fin. AB:R::-H: C, or, 4 * 


. Jrr 


1 — 7 2 2 — ; and conſequently, c. + ; 


. Fr 


X or CX = == - = : 7 4 88 


ver, on account of the ordinates to the circle and 


ellipſis, we ſhall have, GM : GN: ga X : CX. 


or, in ſpecies, 17 1 * r dt 


from whence we ets get, an 1 r — 4 4 


=grr — ar; and therefore, 4 = 

0 Ler- Brea 2 

5 32 + an _ 

in like manner, by Diving another 2 * 
. __ br? 2,,2 4. 527 2 Oy” 

tion, Sin. BC or * Re LEES — 


x. 2% I. 


— 
% 


hich we ſhould by this means obtain, would be 


to inquire whether a more ſimple one cannot be 
obtained by a farther application of Algebra to 


— moreo- . 


We might find . 


” a* an + b N 
and from theſe two values of d and c deduce 
that of the tangent of the ſame hide lkewile, a 


PR O- 


2 u EET IE 
n 


2 — — IRE > * 
— 


— — —2 — EAI VETS. — . = — = — 
I — * — * 


Fig. 1 7. 
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PROBLEM VII. 
224. Given two angles and one of their oppoſite 


fi des; to find 19, the eajecent / ide; 2%. the third an- 
gle, and 325 wy the ird Aide, lde. 


SOLUTION. 


Let A and B be the two known angles, and the 
fide given AC, oppoſite to the angle B, and let 


-- as fide AB be that eee Then, i in the equa- 


A (which contains all the given : 
parts of the Problem, together with the Ht ne, a, and 


coſine, b, of the unknown ſide AB), we need only 


find the value of either of the quantities à and 5, | 


conſidered as unknown, and the thing will be : 
done. But, that we may render the calculation as 


ſimple as poſſible, we will in the firſt place divide 
Lach member of the 1 equation by 75 then 


5 put ! for the cotangent, 


Fo of the ſide AC; 5 for : 


3 the cotangent, = of the angle B, and make the . 


radius equal to unity; and the faid equation will 
become, bq+at=ps, or, r —a* =p5—at; 


from whence, by raiſing the whole to the ſquare, 


and folving a quadratic, we ſhall cafily get, Sin. 


; Ares CASTE EEE 


BF Wemi . 


find in like manner, by ſubſtituting for 4, and 
ſolving another quadratic equation, 02. AB or 7 


D e . 


and from theſe two 


. 75 wer 


7 values of the fide AB an pal expreſſion 
for 


1 


oy" YE WEN WS... 8. OF 


: _ i” 


7. 3 
| . 75 * * 2x. 10. 1 


; analogy, and i it will give, 
- GE 355 I. 


0 3. 22 25 Given 11 three J des 4 a 22 ene 5 ; 
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for the tangent thereof might alſo be eaſily ob- 


rained. Q. E. 1“. I. 


29. For the angle C. Since the analogy be- 


tween the A ines of angles 225 thoſe of their oppo- 
ſite ſides gives, fin. C 72 therefore, in order 


to obtain an expreſſion for the /ine of this angle 3 


given parts of the Problem, it is manifeſt "that, | 
IF need only multiply the /ine, a, of he Ty AB by 


and there will ariſe, Sin C= 


, tolls 07 as | | 
30. Laſtly, to find he third ſide BC. it is evi- 


dent that, we need only make uſe of the common 


Sin. BC = =in: = — 


PRO RL E M1 VIII. 


SOLUTION. 


gr—bd 


Int the equation, CX = — — SY in the | 


| ſecond part of the ſixth Problem. be reſumed : 
then the conſtruction of the 3 gives us, fX : 


= "CL: : MG : 1G, or, c E- 7 
grr—badr 


2 


7 cof. B = 


—z and. therefore, by nir the 


e 27 tt 


value of each letter, Coſ. B will be found = 

| ſe AC x RR— coſe AB x oe BOXR 
N An. AB X Au. BC e . We might | 

| find in like manner that, Gol. A= : 

5 . NeoACXR 


2 AB XRR — co/: AC X co. BOX R 


An. AC "Ws he TS 5 
FO PR o- 
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PROBLEM IX. 


22 6 Given the three angles of a om aal ; 
to Jon one of its / des. 


SOLUTION. 


By Rill purſuing the analyſis ariſing from the 12 
cConſtruction of fig. 17. it would be ealy to obtain 
an equation containing the co/ine of the fide requi- 
red, expreſt by, or combined with, the given parts 
25. — the Problem: but in the triangle DEF, whoſe 
parts are ſeyerally the ſupplements to thoſe 3 in the 
triangle BAC, and whoſe three ſides are given, 
weſhall have Cf. 5 2 W pf e — 7 
and therefore, ſince che angle D is the ſupplement 
to the ſide AB, and arcs which are the ſupple- 
ments to each other have the ſame fine and caſine, 
We ſhall get, by making ſuch ſubſtitutions as the 


vo: e ca ANNLBER 
figure requires, Cof. AB: e 


—— We might find i in like manner that, Ch. Ac 


Tos 4 N 
= x _ 3 SE ans 7 and that, Col. BC 
5 e . 

| 1 B X fin. C- 1 I 


$Senotive 1 


227. If the algebraical ſolutions of the fixth and 

| ſeventh Problems be compared with thoſe which 
we have demonſtrated ſynthetically in the ſecond 
Chapter, we ſhall be ſtruck with ſurpriſe at the 
prodigious difference which will appear between 

the one and the other; nay, we ſhall be almoſt _ 

induced 0 believe that there 1 is ſome impropriet 


ig 


oe fa, Wt rn — 2 ys — mg — — — — — — — 3 "A : — 1 >, - - — 
g — r — — 
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- 00: 


cle in the ſame Table gives, of. CAD= = — 


7 andconſequently, 4 in, CAD= 
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in the algebraical analyſis, when we ſee how com- 
plicated ſome of the expreſſions are which ariſe 


from its uſe. This difference, however, deſerves 

to be examined with the greateſt attention, and 

may diſcover to us ſome important truths, very 
uſeful in their applications: for which reaſon, 
we ſhall obſerve that, when the triangle BAC is re- Fig. 1 * 


duced into two other right- angled ones in order to 


obtain its ſeveral parrs, if we would find the angle 
A, by ſuppoſing the ſides, AB, AC, and the angle 
B oppoſite to one of theſe ſides, known; the ope- 

rations laid down in the general Table for oblique- _ 


angled triangles give us the value of this angle by 


Parts; viz. the cotangent of BAD in the firſt place, | 

and the cg/ine of CAD in the ſecond; whilſt the 
algebraical analyſis ſuppoſes no ſuch diviſion of the 
ſaid angle, but diſcovers its whole ne or cofine by 
one operation: and therefore, from this different 
manner of proceeding in the ſolution of the Problem, 
it is, that the difference of the ſolutions ariſeth: 
which, nevertheleſs, is not real, but only apparent; 
as the following proceſs will put beyond a poſſibi- | 
| lity of doubt. Let be put for the ne of the an- 

gle BAD; then the formula, coz. I. feg. of the 


ang. BAC = Ha. given ang. x coſ. adj. ſide, will 


3 N. === 2 — „ by preſerving the ſubſtitutions 


give, 


uſed in Prob. VI: From whence we get, * or fin 1% 


3 


BAD = = — and conſequently, cof. BAD= 


Vr 


or The ſecond formula of the ſame arti 
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PROBLEM IX. 


226. Given the three angles £ a Wen ical nan; 
Zo find one ef ts / des. 


22S 0 1 U 110 N. 
By ſtill purſuing the analyſis ili from the 


conſtruction of fig. 17. it would be eaſy to obtain 
an equation containing the co/ine of the ſide requi- 


weſhall have Coſ. D — 


of the Problem: but in the triangle DEF, whoſe 
parts are ſeverally the ſupplements to thoſe in the 


triangle BAC, and whoſe three ſides are given, 


of. EFXRR—cof. DFN ce. DER 


and therefore, ſince the angle D 1s the ſupplement 


to the ſide AB, and arcs which are the ſupple- 
ments to each other have the ſame ine and coſine, 


we ſhall get, by making ſuch ſubſtitutions as the 


: figure requires, Ce. AB = = 


of CxRR— eo AXeofBXR 
fm. A x. ſin. B . 
— Wo might find in Uke manner that, Co. ac 


— 25 — — GEL AE. 135 and that, 2. BC 


„„ - _ 


„ fu BXx/in.GC Qk. I. 


Scruorium 1. 


If the algebraical ſolutions of the Gth WY 


: Groth Problems be compared with thoſe which 
wie have demonſtrated ſynthetically in the ſecond 


Chapter, we ſhall be ſtruck with ſurpriſe at the 
prodigious difference which will appear between 
the one and the other; nay, we ſhall be almoſt 
induced to believe that there is ſome impropriety 

in 


Us 


ſin. DFN . DE - © . 


i red, expreſt by, or combined with, the given parts 
1 1 11. 


a> 


W.--IP. WF WS. F-- gf CB 


uſed | in Prob. V [: from whence we get, x or A . 
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in the algebraical analyſis, when we ſee how com- 


plicated ſome of the expreſſions are which ariſe 
from its uſe, This difference, however, deſerves 
to be examined with the greateſt attention, and 


may diſcover to us ſome important truths, very 
_ uſeful in their applications: for which reaſon, 
we {hall obſerve that, when the triangle BAC is re- Fig. 1 55 
duced into two other right- angled ones in order to 


© 


obtain its ſeveral parrs, if we would find the angle 
A, by ſuppoſing the ſides, AB, AC, and the angle 
B oppoſite to one of theſe ſides, known ; the ope- 


rations laid down in the general Table for oblique- 


angled triangles give us the value of this angle by 
parts; viz. the cotangent of BAD in the firſt place, 5 
and the co/ine of CAD in the ſecond; whilſt the 
algebraical analyſis ſuppoſes no ſuch diviſion of the 
ſaid angle, but diſcovers its whole ne or cgſine by 
one operation: and therefore, from this different 
manner of proceeding in the ſolution of the Problem, 
it is, that the difference of the ſolutions ariſeth : 
which, nevertheleſs, is not real, but only apparent; 
dãs the following proceſs will put beyond a poſſibi- 
litty of doubt. Let be put for the /ine of the an- 
gle BAD; then the formula, coz. I. ſeg. of the 


ng: BAC = ans, given ang. x co. adj. ſide, will 


Vir —XX 


== — „ by preſerving the ſubſtitutions 


75 


BAD = 7 555 8 and conſequently, 60. BAD = 
_ btr 


: WET TY | 


The ſecond formula of the fame arti- 


i i 
cle in che ſhine Table gives, of. CAD= , 
2 2 . 
And cor _ 2 AD D — 
and onfequently, / 5 1 e 


1 : therefore, 


| alu Vs. 2 — 4375 rt 


; * 
c 
od NR ee ! 
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therefore, by means of theſe values, and ſince BAC 
— BAD + CAD, it will be eaſy to find the ine 
of the whole of this angle from the formula in art. 


23, fin. e STE (ſuppo- 


ſing BAD = A and CAD = B); VIZ. P = 


* 3 which 1 is exactly the 
SN 


ſame equation with that we found: in Prob. VI. by 
ſolving an equation of the ſecond degree. Hence 
we may perceive, how theſe two kinds of ſolutions _ 
correſpond in reality, though apparently quite dif- 


ferent; as alſo, with what facility equations of the 


ſecond degree, which contain very complicated ra- 


dicals, may be ſolved by two analogies of OE 
Trigonometry. 


ScuoLivMll. for right-as led ſpherical 7. ne 


228. But there is yet another difference which 


may be obſerved to ſubſiſt betwixt the ſynthetic 


and analytical ſolutions of the Problems of ſpheri - 


cal Trigonometry : for, the former owe the ſim- 
phie of their formulæ to this; that we begin with 
finding values for the moſt fimple caſes, and after- 
wards refer to them for the values of the more dif- 
fcult and complex ones : whereas in the latter, on 


the contrary, we ſuppoſe the ſolutions of general 


caſes to be equally fimple with thoſe of particular 


ones; and likewiſe, that all particular caſes are 
ane in the general formulæ, and may be de- 


duced from them with the greateſt facility; as, for 
inſtance, the ſeveral formulæ which relate to right- 
angled ipherical triangles, by conſidering that the 
ine of a right angle is equal to the radius, but its 
Ane nothing, Thus, from the formula in rr. 


| An. A RR 
214, lang. B= mn AB Kc ACE ABRey: 


** we ſhalt 
get, 
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get, by ſuppoſing the angle A 90, fang. * 
ztangACXR U K N fe 5 1] 

"Fc 779 in like manner, the formula in art. 416. 

7 . Rx ofABX of AC% 7A x fr. AB 3 fr AO 

. 60. 3 = — — RR. 2 
will give, f: BC = EET, The anole A 
being ſtill ſuppoſed right, the formulæ in art. 220 


will give, ang. AC= 8 dk Ie ; tang. AB = = 


: 4 
Ar. 9 . and, tang. BC eee ? A nd 
, the formulr in art. 221, cop. B =: LESS . 


and, coſ. C = 9 From the value of p 


found in art, 223 we ſhall get, by ſuppoſing the 


” r > 
| angle B right, , 41. AN e 2 : the 


| tang. AC | | 
formula for the ce of A, upon a ſuppoſition that 


the angle B is a N right, will be immediately re- 


p 2 " 
duced to, > 4 becauſe the radical in this caſe 
2 . 


vaniſhes: therefore, in any ſpherical triangle, right- 
angled at B, we ſhall have, R x cf. A = tang. 
AB x cot. AC; and, right-angled at A, R x coſ; I 
tans. AB & cot. BC. Moreover, from the for- 
mula inveſtigated 1 in the ſecond Part of the ſame 


UV CD article, : 
atr* + PO T — 7777 
e ene =» | 


Forifin the equation, p= 


| SX pt -f | 
the value of t be reſtored, we ſhall cafily find» p = 
 amnr* o+ omre/" pig? "+ 6*m* $* — 4 m* 1555 


— Þ which by fuppong 


ng I m2? 


„ . OY: bum? bi. | Px 7 1 
* — 0 becomes, p- 5 5 22 " tf — ee 
SAY = | bs 


—— 


Tang. 4 3 


R Ts. AC? "Tang AB 


2. 


—— 


ſince # is o, d = A, or, caſ. BC. TY 


conſequently, in a triangle right-angled at A, 9. 


| of; BC 
AC: will be _ —— VIE and, in. AC — 


/ co (15. — 7. 0 
— 2 3 2 . Again, the firſt formula in 
art. 22.4 gives, R x fin. AB = tang. ACX cot. By 

becauſe the radical, being multiplied by g = 0, | 
vaniſhes : but in the ſecond. formula, on the con- 
trary, the radical = remains, and we pet this 
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ll article, d = ee , we ſhall eaſily deduce; 
9 RX coſ. AC 


WW or, chf. AB 
= | Laſtly, when Is how: (beſides the right-angle) 
BY the two angles above the ee, the ene 


_ equation ; þ =" 


11.8 in rf. 226 will give; cf. AB = - 732 7 
| ==, and, coſ. BC R= col. BX cot. Or 1 
1 hence we may readily perceive, that it had been 
caſy to arrive at the General Theorem of Neper, as 
| „ algebraical proceſſes, as ſynthetic conſide- 
il rations. In order to make the generality of 
1 the preceding formulæ ſtill farther appear, we 
1 might apply them to different Problems in plain 
4 8 Trigonometry ; ; but, as this is a thing very ſimple 
| in itſelf, we ſhall leave it to the exerciſe of Learners, 
and add, in the next place, ſome conſiderations upon 
the conſtructions} in art, 204 and 205. 


wah ODS | Provizi 8 

þ |. ER e perpendicular be let fall from any 

[1 = Fig. 21. angle of a ſpherical triangle, BAC, upon the oppeſs 77 
1 Aide, produced if neceſſary; it is required to find in fines, 
1 coef nes, n, or cotangents z 1, ihe relati ons of 8 
7 Jegments - 
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ſegments of the baſe to their adjacent angles; 2.9, the re- 
ations of theſe ſegments to their correſponding des; 

35, the relations of the ſegments of the vertical an le 
to their adjacent ſides, and 4.9, the relations of the e ſame 
Fe to the 1 8 5 above the baſe. 


80 L. UTION. 


La us (hippo a perpendicular, CP, to be let fall 
from the point C upon the fide AB, produced if ne- 
ceſſary; then, it is manifeſt that, the arcs AP and 
BP, or the angles AGP and BGP meaſured by theſe 
arcs, will be the ſegments formed by this perpen- 

1 dicular: it is likewiſe evident that, the half, GC, 
of the chord G Cęg will be the /ne of the fad per- 
pendicular, and conſequently GC its che. This 
being premiſed, from theright-angled triangle iC 
we ſhall firſt get, R: GC or co. 93 : fin. 3 5 
CH: alſo, ſince the lines, 1G, 4, /H and CH, . 
are proportional, we ſhall have, of. A: R:: CH 
Ju. AC; conſequently, by multiplying the corre- 
ſponding terms of theſe two proportions together, 
we ſhall again have, . A: cf. CP :: fin. AP: 
= in. AC: we might find by a ſimilar procels that, co 
B: co. CP: 2 BP : /in. BC; and therefore that, 
3 AP: . BP; fn. AN r A: n. BC XR 
coſ. B:: fin. B & of. A: ſin. A X caſ. B (by lud. 
ſtituting iu. B : in. A for n. AC : fin. BC) :: 
=: = : tang. B: tang. A: cot. A: cot. B; 
or, which is the ſame, that, The 2 ines of the ſee nents 
of the baſe are to each other as the cotan; rents of their 
| ng angles. Q. E. 19.1. & D. 


Since the angle GCH is the complement ER 


the arc AP, and likewiſe the angle SCX the com- 
plement of the arc BP; the triangle GHC will give, . 
R: c CP : : coſcAP - GH= AC. and the trian- 

ole GCN, R: %. CP : : cop. BY : GX = cof. BC: 
| | | COL ee: 
5 
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- conſequently, fince theſe proportions have their two 


firſt terms the ſame, Coſ. AP will be : of. BP: 


cof. AC : cof. BC; or, The cofines of the ſegments f 


the baſe as thoſe of thexcerreſponding ſides. 2. E. * 
I. & BD. 


WMWie might prove in the ſame manner, by letting 
fall the perpendicular Ay upon the baſe BC, that, 
_ * en. Cy :: cot. B: cet. C, and, Cof. Bd : coſ. 


: coſe. AB: of. AC. 


pars Suppoſe now that he prneadicale A) is in 
reality let fall, and that the ſegments, BA, CA, 
of the angle BAC are actually taken into conſide- 


ration: then, as we have already proved) in art. 


206, that R S Abb, b will of courſe be equal to. 
the fe ne of this perpendicular. This being grant- 
ed, on account of the proportional lines, RG, eG, 
67 and Zi, and ſince (G is manifeſtly equal to the 


wy ne of the angle BA), we ſhall have, R: co. BAS 


00, AS: 2. moreover, ſince ZG is (by art. 
05) S in. B, and the angle ZG equal to the com- 
| ge of AB, cof. AB «oil 3e: R:: ZT: u. B; 
therefore, iſ we multiply the correſponding terms 
of thele two propornogs together, we ſhall get, cof. . 

AB: cof. BAS, :: oof. Ad: in. B: we might find in 
like manner chat, caſ. AC: coſe AN:: coſe A;: 
fie $3 conſequently, we ſhall alſo have, Col BA 

co. CA:: fin. B xc. AB iu. Cx wſ. AC :: 


©. AB. 


ſin. AC x of. AB n. AB X cel AC: . AB 


ce. AC : 


i l. AC * 
| The coſines of the 7 ments of the vertical angle are as 
the cotangents of their adjacent. fiaes. O. E. 39. I. & D. 

40. From the proportions between the ſines of the 


ſides and thoſe of their oppoſite angles in the right- 
angled triangles, As B, 5 we ſhall get; n. BA 


* ft 


* 1 19 — LEED ml _ [oY 


+2 £08, AB cot. AC: whence we infer chat, 


FYY " SO FR 


« >v Us 


* 
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* /in. A) = fin. BY X in. B, and, in. CA) x jin. 
A = in. Cò x /in.C; and conſequently, Sin DAS 


n. CA:: Vn. BY x ſin. B: fin. CN X fin. C: 
60, B : coſ. C (becauſe it hath been demonſtrated at 


the end of the ſecond part of this article that, /n. 
Bo: in. Co:: cot. B: cot. C): whence it appears 


that, The fines of the ſegments of the vertical angle are 
to each other as the cofines of the angles above the baſe. 


Q. 49. I. & D. 


58 8 II 0 1 U M. 
230. We may now perceive how all the Theo- 


rems neceſſary to the reſolution of right or oblique- 


angled ſpherical triangles may be found, either 


algebraically or geometrically, by means of the gra- 
phical conſtructions explained in the foregoing 
Chapter. But a little obſervation will ſuffice to 
cConvince us, that there are other methods of diſco- 
vering theſe truths beſides thoſe already ſpecified : _ 
thus, for inſtance, we might have obtained the laſt _ 

; analogies from the interſection of the chords, .. 
v or (if we conſider that the arcs, py, Pg, are the 


meaſures of the ſegments, ACP, BCP, formed by 


the perpendicular, CP, with the fides containing 


the angle C), from the interſection of the lines, 7A5 


I'd, Bo, fo, Ec. 


If we ſuppoſe os ſpherical triangle BAC to be- 
come a right-lined triangle, it will be eaſy to find 


how the four preceding analogies will be ghen ex- 


preſſed. The firſt, 2 in. By: * fin. C23: cot. n. 


. becomes, By: C:: cot. B: cot. C; and there- 


fore in any plain triangle, The ſegments of the baje 


formed by a perpendicular let fall from the vertical an- 


gle are as the cotangents of their adjacent angles: tor, 


if As be regarded as radius, theſe lines will be the 
tangents of the ſegments of the angle BAC, which 
are the complements of the angles above the baſe. 


The 
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The ſecond analogy becomes, : :: 655 
The third gives, The coſines of the ſerments of the 
vertical angle in the ſame proportion to each other as 
are their oppoſite ſides ; becauſe the three angles of 
any plain triangle, when taken together, are only 
equal to two right angles. Laſtly, the fourth ana- 
logy gives a proportion whereof the alternate terms 
are identically the fame, viz. the antecedent equal 
ts the antecedent, and the LOI to the con- 
| tequent. PRs 
00 R LIAN. 

431. If the arc A3 be ſuppoſed to divide the an- 
Sle BAC into two equal parts; then, ſince the an- 
gles, A3B, AIC, which are the ſupplements to each 

other, have the ſame ne, and, /in. AB: fin. AB 

: fin, BAS : fin. BY, as alſo, fin. AC: fin. AC: + 

fin. CA): fin. C); it will follow that in this caſe, 
The fines of the ſegments of the baſe are as the fines of 5 
be ſides oppoſite to them; and conſequently, ina right- 
lined triangle, Theſe ſeements will be to each other as 
their oppoſite ſides, whenever the angle included be- 
tween theſe ſides is biſected. 


Sc HOL IU . 


232. If we look back upon the-ftveral formulæ = 
' which we have diſcovered by the algebraical analy- 
| fis, we ſhall perceive that, in order to find the loga- 
rithm of any unknown quantity, it is generally re- 
quilite to find that of the ſum or difference of two 
given quantities. Now we have already ſhewn the 
method of performing theſe operations, and there- 
fore it will be ſufficient in this place to make pn 
cation thereof to a few examples. 


| ExAUHPLE 55 
Fig. 11. 22 23. Suppoſe that in the triangle BAC we : know 
the two ſides, AB, BC and the included angle B to 

be, 419% 719 30 and 2708 reſpeRtively ; it is 

required 


rw 9 
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required to find the angle at A by the formula i in 
WE þ 4.4.0 | 


4. 214, tang. A = AB cor. EC- ABN B B 
where we aſſume the ſign —, becauſe the angle at 


A is to be acute. Now, it is manifeſt that, the 


whole difficulty in performing the operation will 
conſiſt in finding the logarithm of the denominator; 

but this will be eaſily ſurmounted, by regarding 
Jin. AB x cot. BC as one angle, and co}. AB x coſ. B 


as another, and afterwards finding the - ine of or 
difference by the formula in art. 92, ſin. A — *. mn B 


= 2cof. + ATB * fin, 1 A — 1 B. 
OPERATION by the Locaziruns. 


3 AB. 90948331 = log. coſ. . 
9.5245 20 = ho. cot. BC. „ 90403790 S leg. fu. LA; B. 
9. 3422707 = beg. fine 125 43” 20 „B. o. e D leg. 2. ws 
9.75750 . by.cof AB. 88.81 = bg. s be fab, fro 
9:949364 = log. of B. 22. fin. By RR. 


9: ORE = bog. Tk 42* 4 35 "= = A. AY 995974 = beg rs, 2 "IF 14" 


Ex AM LE II. 
234. Suppoſe the ſame things given as in the 


5 preceding Example; it is required to find the thir d 1 
Aide, AC, by the formula in art. 216, 9: AC= 


2 ABN /n-BCbeofABXcx/BOXR. Fe = 
— If this 


quantity be conſidered as the ce of a fe 


equal to the ſum of the fines of two angles, and 


the formula in art. 91s. fin. A + fin. B = 2 fin. 


IAT IBN c. LA - B, made uſe of; theopers: 

| tion will be perfectly ealy, and . 25 Bonden . 
8 7 22 bg. * AB. comp. 7 2 5 TB = = 80% 2 39 - 
20925257 = lege fin. BO. | | | 
9.744568 = log. fin. 33 4% A. 3 r 


9.876789 = log. 00% A8. 9.999410 = bg. oof. 2 KA — 4 B. 
9.501476 = bog. co}. BC. 8 0.301030 = log. 31 


FE 9. 2 leg. {fs 13? 49 23 =p, 9. 9.899969 = bg 7 379 24 54 


* * A 


+ 
— — —e— ä e ↄj Zr. ——— oo 
8 2 — — * A S 8 bY 

—_— — & —— K L 


as the angle A for inſtance, by the formula in art. 
225 % A 


The value of this expreſſion will be obtained by 
means of the formula in art. 92, fin. A i in. B, as | 


and the operation ſtand thus: 


tbe equation, * = 24x = 6b, 
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„„ ExAMDLE III. 5 
= Suppe now that the three ſides, AB, ac 


are BC, of the triangle BAC are given, viz. AB= = 
41 9 AC= 520% 35%, and BC=919 2013. it is-- 


required to find one of the angles of this triangle, 


TCT 
| fn. AB Nn. AC 7 


9.783623 log. of. AC. 
0.876780 bog. co. AB - - 
| 9: 000412 = log. n. 27 130 387% 2 A. 
: ©, of BC= zo! B. 
=4 


5 therefore, 220 $17:497/ 
| EET e be an” 
| 0.181753 = - arith. comp. fin. AB. 
cd. I cooꝗq = arith. comp. fin. AC. 

0. 301030 = log. of 2. e 
8 964463 = log. co/. IA+Z FT. 
8. 881303 = log. fin. 2 IK. ; 
9: * cof. 74" 267 15% = 4% A. 


236. Since, in the ſolutions of the 10 and ſe- 


venth Problems, in art. 223 and 224, equations of 
the ſecond degree have been concerned, it is mani- 
feſt that, there may be certain caſes wherein we 
may be obliged to ſolve equations of this nature; 
and as, moreover, all the calculations of practical 
Aſtronomy are made by the logarithms, it will not 
be improper to ſhew here the manner of obtaining 
ttheſe ſolutions by the Tables of fines, &c. for which 


reaſon we ſhall annex the two following Problems, 


M 1. 5 
237. 2 o find ly the Tables of f ines, &c the roots _ 


$0LU 1 
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SOLUTION: 


& From any point, C, with a radius equal to a, let Pie. 2% 
i ; the circle ADBd be deſcribed, and at the extremity 

is of the radius CA the perpendicular AL erected. 
e, ce qual to the quantity &: then, through the centre 

„ C and point L, let the line LD Cd be drawn, ter- 


minated by the eircumference at 4; and the parts, 
LD, Lad, will be the roots of the equation. The 
8 demonſtration of this is very obvious from the ap- 
28 plication of Algebra to Geometry; for the fangen: 
8 AL and ſecant Ld give, Ld: LA :: LA : LD, or, 
algebraically, a+ y/ as + 3b : b: : LD (v); 
| whence we deduce, ax ＋ x Jaa Þ bh = bb, or, . 
* Va ＋ 60 = bb—ax ; and conſequently, by ſquar- _ 
ing both ſides of the equation, ſtriking out the 
terms that deſtroy, and dividing the remainder by 
bb, * ＋ 24 = bb. N 8 
Nov, in order to reduce this ee to the | 
1 logarithms of the Tables, let there be again erected 
wn the right line FLf perpendicular to the extremity 
of AL, and terminated at, F, f, by the prolonga- 


= tions of the chords, AD, Ad; and let the chords, 
e- BD; Bd, be drawn. 


- This being perfectly un⸗ 
oY derſtood, it is eaſy to perceive that, in the right- 

1- | angled triangle CAL, the angle ACL will, in the 
= firſt place, be determined by this analog oY 3 ca (a2) 
1 : AL (S) :: 1: tang. ACL: then, on account of 
al = the ſimilar triangles, BDA, ALF, we ſhall have, 
tt KF BD: DA: A. LF“ LD (x) : but the angle 
8  ABDis evidently the half of the angle ACL be- 

h fore found, and therefore we ſhall laſtly have, R: 
a ĩ . X 2 % es Tang. 5 


3 — the. 


f 3 * The 3 ADB ad ADd are. manifeſtly A; to ack i 
© other, and alſo ſimilar to the triangle ALF; whence, the angle 
ADA S the angle FDL = the angle AFL, and cayſequently, 
— * == LD. 
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noted 


fame proportion (Ld : LA :: LA: LD) that, 
* —2ax = bb, Now, to bein the value of 8 
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tang. + LACL :: AL % : LF or LD (x). Conſe- 


quentiy, from thef⸗ proportions the value of x Will 


be obtained by the logarithms. Q. E. 19. I. 


29. If Ld be called x, we thall find from the 


in this caſe, we muſt firſt ſay, as before, a:6: 


: tang. ACL: then, on account of the fimilar lhe: 
angled triangles, Bd A, AL, we ſhall have, Bd : 
4K :: AL: * Ld; but, Bd: AK:: R: . 
Half the angle BCd= ACL; therefore, we ſhall 


laſtly have, 7 : cot. of by the angle found by the loſt 


propertion: . the quantity b : to the line Lf; which 
will be the poſitive root of the e XX — 208 


= bb, AE. 1 1, 


FA UM: 


23 8. To fad by the Tables of fin nes, &e 6. the roots ef 


£ the e x” + Le No... 


„ 
8 6. 1. erected a perpendicular AL ; = 
LL let there be drawn the line LFf parallel to AB : 
(which will cut the circle deſcribed upon AB in two 
Points F and f, or otherwiſe touch it in only one 


SOLUTION, 
At the extremity of the radius CA 


> a let there 


then through _ 


point, if the Problem be poſſible), and, LF, Lf, 


will be roots of the equation, x? + 2ax + 5 = = . 
For, calling FL, x; on account of the tangent A AL 


and /ecant Lf, we ſhall have, Lf (a ＋ da - : 


AL (6) :: AL (V: LF (x); from whence we 


all eaſily. get, by taking the product of the ex- 
tremes and means, x* — 2ax + bb=o. We might 
have found in like manner, by calling I. 5 5 
E 2a T = o. This being premiſed, if we again 
draw the lines, AF, Af, FB, FC, FD and fd, we 
* malle in the firſt place, get from the right-angled | 
| triangle : 


r EC nd. ES. 


2 223 —SA K $2 
5 : . 8 * 
« * 
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triangle CDF, CF: FD or 4: :: 1: fine of the 

an ge FCD: then; on account of the ſimilar trian- 

gies BFA, FDA, we fhall have, BF: FA: : FD 

: DA; but the angle at B is manifeſtly the half of 

the angle ACF at the centre, and therefore we 

| ſhall have, BF: FA: : R: fang. 4 FCA: conic. 547 

quently, we ſhall laſtly have, R: Tang. 4 FCA : 2 

FD (8) : AD (x); 855 whence it follows that AD . 
or x will become known, ſince the three firſt terms 

of this proportion are known. 


& 


2. If Lf be called x, we ſhall in this caſh hon: — 


NI 


For theſe two Problems bee der $ T rigonometrys 


p. 64, Ce. 2d edition, 


0 0 


39. That 


on account of the ſimilar triangles, AFB, Ja; AF . 
„ : JA=Lf; or, T: cot. 2 FCA: :i6; „ 
1 
e ins find in Aſlronomy ſuch Proteins: 
as lead us into equations of the third degree, but 
particularly in the calculations of the motions of 
Comets in a parabolical orbit; for which reaſon we 
hope our readers will not be diſpleaſed to ſee here 
the method of ſolving equations of %s Kind GT 
wiſe by the Tables of fines, Sc. But before we do 
this, we ſhall premiſe in a few words what relates 
to theſe equations in general; and refer, for the de- 
monſtration of the different articles, to what Mr. 
_ Clairaut hath written upon this ſubject 3 in his Ele- 
ments of Algebra. 5 
WMe will ſuppoſe then as truths demonſtrated in 
1 ſeveral Treatiſes of Algebra: 5 
1. That every equation of the third degree may 
be rehiced to the form, & + px + 1 3 wherein 
the ſecond term is taken away, 
29, That of the roots of the equation, * 4 px 
+ + q=0, there are and two ee and 5 
one e real. . 


> 
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20; That in the equation, * — px + q= : ©, there 


are neceſſarily two Imaginary roots, whenever z * 
1s leſs than 44 99. 


40. That, on the contrary, the ſame equation 
will have its three roots real, when % p* (always 


negative) is greater than 4 gg; which conſtitutes 
5 the caſe called the irreduciblè caſe. ; 


Nou though theſe conſiderations are not abſo- 
> lutely neceſſary to the underſtanding of the ſubſe- 
quent ſolutions, which are in a great meaſure inde- 
pendent thereon; yet they will ſerve to convince 
us that theſe ſolutions contain all the poſſible caſes 
of cubic equations, after the ſecond term is taken 


away, according to the common and well known | 
. methods of transformations. | 


"Fr OBLE * © . 
240. To find the three roots of an equation of be 5 


5 ird degree of the form, x*—px tq=0, by fuppo- 


- Ang 7, P greater than 4 4 94; ; that | is to 8 in 3 he irre- | 
e. . 


SOLUTION. 
Let the equation, 4x* — grix +7 wy = = o, be af. 


ſumed (which by means of the indeterminate quan- 


tity y may repreſent all cubic equations belonging 
to the irreducible caſe), and let 7 be ſuppoſed there- 
in to be greater than y, in order to have 2, p* greater 
than & 4%: then, if the laſt term hath the fine + 
1 prefixed to it, put y in. A, and the circumference 
of a circle = = =C; and me _— of the equation will 
be, lu. d 8 „Ain. == ho - and, fu. s. | 


-If the laſt term hath the fign — prefixed = it, 


5 y be put == cof. A, and the roots of the equation. 
| (ar. — xr J =0) will be, * * cof. 35 * = 


of 
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of. =, and, x = of. © EE, - The demon- 


ſtration of theſe operations is very 10 deduced 
from the general formulæ in art. 53 & 54, con- 
| IG the fines and coſines of multiple arcs. — 3 
Pe in 1 -- 


2241. 27 o find the real root of the equation, 72 pr 
Jo, when a, p is ſuppoſed to be leſs than 4 75 
the other two roots being, in that caſe, imaginary. 
. SOLUTION. 5 8 
. Let the ſame equation (4 = g * Fr bY 0 
5 be aſſumed, as before; in which let 7 be ſuppoſed 5 
leſs than y, that , p3 may be leſs than & 99: then, 


t the laſt term be fuppoſed negative, put Y coſec. 24 
___ (which will neceſſarily become known when y is 
; determined, )z after which find an angle, B, whoſe _ 


cCoſec. 2B. 


Ct. may 1. cot. A, and the value of * will ve” - 
If the laſt term be affirmative, we 


muſt then eder y as the coſecant of an obtuſe an- - 
3 gle, and the ſolution of the Problem will be ob- 5 


= rained in the ſame manner. Q. E. I. 


PROBLEM III. 5 

2263. 7: 0 find the real root of the equation, * + pr 
8 q=0; the other two roots being imaginary, Vince 
1 will neceſſarily be poſitive. 9 . 
5 SOLUTION. 5 
Let the ſame equation (4x* ＋ g Cr 7 o) be 


ſtill retained; in which make y = cot. 2A, and af- T 


terwards find an angle, B, fo that cot.“ B may = 


cot. A; and the value of che unknown quantity 
5 * Will be = cot. 2B. Q. E. ; 


| - DEMONSTRATION of the two lat Solutions. 


2243. Whether 7 be greater or leſs than y, it may 
1 88 always be | wy affirmed that the equation, 4" m_ 
3 
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3 — o, is the ſame with, N 8 


r X 5 * 775 — Py 3 and conſequently that the 


value of x in y ad from the latter, will ſolve 
the former equation. All that is requiſite to be 


done then is to prove the identity of theſe two ex- 
Preſſions. And in order to this, we ſhall in the 


firſt place obſerve, that by the formula in art. 29 
we in reality have, 4 — 21x —r'y=0: ſo much 
granted, let it, in the next Re be allowed as sa 


ſappoſition that, #4) . * 0 r . 
then by expanding the cube we ſhall get, 4* — 


g N r' 3 — 


but herein the terms, 4* — 37x — 77, occur, 5 
which have been already put = o, and therefore it 


2 remains only to be proved that, = Non 


er =. Now let both ſides of this equa- 
, tion de raiſed to the ſquare, and we ſhall find, 
 26x%= 24r T — 5 ry“ — „, or, 162 —24r 2,4 1 8 
Tor ru; which is exactly the ſquare of the 
equation, 4x3 — zr ; and therefore the truth 
of what was required t to be proved follows of courſe. 
If now as in Prob. II. we ſuppoſe r to be leſs than 
„. and put y = coſec. 2A, we ſhall get, /JFEF 
= cot. 2A: likewiſe, if x = coſec. 2B, „. = will 
be = cor. 2B: therefore, by ſubitituting theſe va- 
lues in the equation nd, 
we ſhall get, cojec.2B + cor. 2BY *=7* x caſec. 2 K cot. 2A 
and ſince, by the formula in art. 84, we have, 
coſec. 2A + cot. 2A , cot. A, the laſt equation, af- 
ter proper ſubſtitution in each member thereof, 
will become, cot. B =7* cot. A: from whence it 
vill be eaſy to find cot. B, "when A is known; and 
conſequently the value of x a= = by beiden to 


coſec, 2B, Q. E. 19. D. 


7 20. We 


One on =» 
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20. We may prove in the ſame manner that the 
equation, 4x* + gr r = o, is identically the 


ſame with, V 7 25 = #" K +/+ r Tri: but 
this equation, by ſuppoſing as in Prob. III. y cot. 2A, 


and » cot. 2B, will become, c. 2B + e 20) * = 
0 o * cot. 2A + cojec. 2A; and in the laſt place, cot.“ B 
—#* cot. A: whence it will be eaſy to find the arc 
_ denoted by B, when the value of A is known; and 
_ conſequently cot. 2B, which 1s the value of the un- 
Known quantity x in the equation. Q. E. 29. D. 
We ſhall now, in order to make the utility and 
nature of theſe ſolutions more clearly APpear, 1 * 
them to Particular examples. 


ETA 1. 
OY To find the roots of the equation, x — —3X—1=0; A 
. which will be all three real, becauſe , 7 is Meare, | 
5 and greater than 4 4. 
. SOLUTION. = 
That this equation may be ed with 
4* — 3 — 2 o, I firſt divide all the terms 
of che latter by 4, and find, x* — rx —Lry 
2 0: then will $7* = 33 whence 1 2, and 
conſequently y = —— Now becauſe the laſt 
term is negative, y, e e to what has been 


ſaid in Prob. I. art. 240, muſt be put S cof. A; and ; 


ſince this co/ine is half the ſine total, it muſt ne- 
ceſſarily be the ft ine of an angle of 30?, and there- 
fore A itſelf = 60. Conſequently, the values of 
«x will be, cof. 209, ol. 140%; and; coſ. 2602; or, 
In. 700; — ſin. 509, and, — /in. 109, to a radius 
expreſſed by 2; that is to ſay, the real values of 
will be double the 45 nes correiponding to cheſe e an- 
in the Tables. 
3 Ex 2 11 PI E 11. 1 3 
245. T o find the real root of the equation, x* — x 
—6=0; the other two UE neceſſarily imaging, 
UAnce 27 7 is leſs than 4 7795 
. 
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$O0LUTION. 


This equation I compare with, 4 — gr* x —» 


175 = ©, after dividing all the terms of the latter 


by 4, and find 4r* = 1; whence r — and = 


18, which muſt be put — = coſec. 2A. Then, to ob- 
tain this whe by the Tables, I in the firſt place 


ſay, — 15 ne total of the Tables (@): 9 3 


. 
== c ec. 2A: bot, by art. 87 car A = 557 — and : 
therefore, ſin. 2A= : whence, by ſubtract- 


5 es . 

ing from double the logarithm of the ſine total, | 
\ the. logarithm of 9 / 3, fi in. 2A will be found S 
0.807 7196, or, according to the index 1n the Ta- 

bles, 8, 807196 = 3? 40 40”; and conſequently, 
A1 50 20, In the next place, to find the 
angle 1. which ought to determine the value of x 
by the coſecant of its double; to the number 
11.4934) let twice the logarithm of the ſine total 
be added, and a third of the reſulting ſum taken, 

and the quotient will give, cot. B = cot. 1 7937 50's 
.or, B=17? 37 50 the coſecant of the 8 51 
whereof, that is, the fecant of 54.9 44 20', multi- 


plicd by == will be the root required of the pro- OE 
poſed equation. ” | 
Ex AML E III. 
246. To find the real root of the equation, 2 S* +. 
75 — 46x = ©, the other two being neceſſarily i ls. 


| gina, becauſe the ſecond term is affirmative, 
| S ol LUTION. 


That this equation may be compared with, 4x? 
+ 371 Xx ==7 9 O, 1 lirſt divide all the terms of 
5 the 


V 
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the latter by 4, and thoſe of the propoſed one by 
253 after which I deduce, from a compariſon of 


the correſponding 1 terms of the two l equa- 
tions (* TAT 4 6, and; 1 3 00%. 


122, andy = 45. This done, in order to find 
what the angle A muſt be, ſo that +5 may be the 
cotangent of 1ts double, 5 make this proportion; ; 


radius (before found 2) : 45 : : ine total of the Tables 


5 Keen . 2A in 1 III. but, by art. 12, 
tang. A = — = —＋. or, lang. 2A — Sh and there- 


fore, by performing the neeeſſary logarithmical 
mo tion, tang. 2A will be found = 10-030212.= =: 


2 10”, and conſequently, A = 23? 41' 35”. 
8 The value of A being thus obtained, that of B may 
be found as in the preceding Problem to be = 
37 13754“; and if the cotangent of twice this anole 


be multiplied by 2 (becauſe r, as above ſaid), the ” 


Fe will be the root of the equation. QE. * 
. OBSERVATION. 


It may be obſerved, that theſe ſolutions of equa- 


tions of the third degree by the circle neceſſarily 


contain thoſe of ęquations of the fourth degree 
likewiſe; ſince it is demonſtrated in moſt Treatiſes 
of Algebra, that equations of this degree may be 
reduced to thoſe of the third. It may likewiſe be 
obſerved, that it would be very eaſy to find parti- 
cular equations in any degree which, as well as the 
foregoing ones, would admit of ſolutions by means 
of the circle; but we think it unneceſſary to ſpe- 


cify inſtances, as what we haveValready ſaid will be 
ſufficient for c common 1 — | 


| Ta CHAP. 


' 


—— n 8 — — ferros. 5 : — — — — 2 
— ae v 2 — = 8 9 FRA. ——— — 4&6 8 
TIER nt DE Snag — n 5 
; TIC . — * Ke Tp 2 eee = na 


. 


2 RE Ks "DE Ih, 
— — "TI 
. 
— 


— 

n 
2 

Gn. I 


_ — 
* 7 
—— — 


— 
5 


f 


188 I 
189 
1; wh 
5 
251 

1 : 
3.*38 

1 


Poor dt RD 
— 


— = 
——— — — - — —ͤ— r 2 Sag — — Joke AT —— Der . ap ot SE Bs 
F OE BE Pom n Ii — 
* ell LE A” ES ES Re, ” 2 — - l a — _— 

= 75 — — — 


n — " —— 
— — 
* SS 
4 "= (Px — =. 
— - n 
. WEIR 
— _ ys vn — 


— 


— 


wh 


. 5 
1 SPHERICAL 


CHAP. V. 


C ontaining the fluxional Analogies of ſpherical 1; 


and Plain Triangles, 
8 E C 1. 1 


LE u „„ 
247. The fuxion of an arc is to that of its fe ne, 45 


| radius i is to the coſine of bis arc. 


Fig. 26.1 


DEMONS TRATION. „ 
ET there be an arc, AM, which we ſhall call 


"Nom. in por to this, let us 1 the arc AM 


to become Am, and let the lines, Cmt, mp, be 


drawn; alſo, from the centre C with the radius CT, 
let the arc TS be deſcribed, and through the point 
M the line Myr drawn parallel to CA: then it is 


manifeſt by this conſtruction that, M will be = 23 


mi ; Mr - (becauſe the arc wag: increaſing, 


Fig, 26. 


its coſine decreaſes; Tt = 7, and, iS = . So much 


being premiſed, on account of the imilar triangles, 
_owM, CPM, we ſhall have, CM (r) : CP (u) :: 
Mu (ﬆ) mr (). 


Q. E. P. 
LE MMA II. 


2 The fuxien of an arc is to that of its tangent, 
as radius ſquared is to the ſquare of the fecamt that 1 is, 


ET 7% r: Wy. 


DEMONSTRATION. 


| On account of the ſimilar ſectors, CMm, CTS, . 
we ſhall have, CM (r): CT (y) : : Mm (2) : TS= 
8 =. 


ILL of which let the /in, MP, be denoted by 
Fs; the coſine, CP, by 3 the tangent; AT. by t, and 
che 2 hs by 9. Then we muſt 288 chat, 
'S: F : 
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: likewiſe, on account of the right-angled tri- 
angles, CAT, TS, which are alſo ſimilar (ſince, 
when the lines, CT, Cz, are indefinitely near to a 


cCoincidence, the angle at r will not eſſentially dif- 
fer from thatat " we ſhall have, CA : S 8 


A. 


. Tr; or, T: * 2 1 3 whence We immediately | 
deduce, S: 7: = QED. 
1 a. - 


= 249. ' The uxion of an arc is to that of its ſecant, 
as radius ſquared is to the p under the ferent 


and tangent z that 1 is, $: 75 : . 


DEMONSTRATION. 
It is evident that S? is the fluxion of the ſecant, 


- and ST hath already been found to be = 5 3 there- - | 


fore, by again comparing the homologous ſides of : 
_ the. fimilar triangles, CAT, TS, we ſhall get, CA ; 


AT: ST: EF or, : a 35 and conſequent- 


COROLLARY. 


230. 1 by collecting theſe Jiferent. ex- 
preſſions, we Tan have for the fluxion of any arc zz 


HSE — (by making uſe of the + Ruan of 
the ae) = = (by art. 0 = 02 _—_ (by art, 
I 9 

1 1122 2. — We might _ to find with equal 
2 


; facility other formulæ for the cotangents and coſe- 


cants; but thoſe which we have already found will 


be ſufficient for all that we ſhall have to demon- 
[irate 1 in chis Chapter. 
SC H Os 


* 
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251. We might have demonſtrated the ſeveral 
preceding analogies by the formulæ obtained in 


the firſt Chapter. For inſtance, the firſt Lemma | 
might have been immediately deduced from art, 


26 ſin. A+B = ſin. A x coſ. B + cof. A x fin. B 
for, ſin. AM= fin. AM+ mM — fin. AM; bn 


in an evaneſcent arc, 2, the caſine is equal toradi us 


or unity, and the fine coincides with the arc itſelf; 


| wherefore we _ have, fin. z + 2 = fin. 2 * : 


9 * — mms +7 75 and eee, 5 or ſn. 2 + 2 
1 
— 2 s += HO IN The other formulæ 


| . micht have. been a8 eaſily deduced from the for- 


mulæ inveſtigated 1 in the fame Chapter. 


Fig. 11. 


what hath been demonſtrated in art. 130, and of 5 
this; that angles, which are the ſupplements to 
cach other, have neceſſarily the ſame /ine, coſine, tan- 


Lou: IV. 


252. If from the three angles of any ſpherical i- 
angle, BAC, as poles, there be deſcribed upon the ſur- 
Face of the ſphere another ſpherical triangle, DEF; the 
 Fluxions of the angles, D, E, F, of this triangle will be 
reſpectively equal to thoſe of the oppoſite fides, AB, AC, 
BC, of zbe triangle BAC, and the fluxions of the fi des, 

7 DE, EF and FD, of the ſaid triangle the ſame as thoſe 
of the oppoſite angles in the triangle BAC; and con- 
trarily, for the fluxions of the parts of the triangle BAC 


with reſpect to the parts of the triangle DEF. 


DEMONSTRATION. 
This propoſition is an evident conſequence of 


gent, cotangent, ſecant and caſecant. Q. E. D. 


SECT, 


„an. . 
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SECT. IL 
Concerning the fluxions of any ſpherical or plain 


triangle, wherem an angle and one of its ad- 


Jacent Ades are ſuppoſed conſtant. 


THEOREM I. 


25 3. Ii in any ſpherical triangle, BAC, We fuppaſe Fi g. 75 


an angle, A, conſtant, together with one of the ſides, 


AC, adjacent to this angle, wwe ſhall always have this 


analogy ; as the fluxion of the other fide adjacent to the 


conſtant angle is to that of the ſide oppoſite, ſo is radius 
_ to the 60 ne of the angle oppoſite to the conſtant / de; 


that i is, AB : BC ::R: coſ. B. 


DEMONSTRATION. 
Suppoſing the ſide AB to flow into Ag, or to be 


increaſed by the indefinitely ſmall quantity Bg; if 
Cs be drawn, and Ch taken thereon = CB, by de- 


15 ſcribing from the pole C the little circular arc By; 


ba will be the fluxion of the ſide CB, and the little tri 


angle Bog will be right? angled at b, as allo (becaufe 


on account of the {mallnels of its ſides it may be 
conſidered as right-lined) have its ſides proportional 
to the ines of their oppoſite angles: but the angle 


O 


at g; is eſſentially equal to the angle B, and conſe- 
quently the angle gB5the complement of the ſame 


angle; wherefore we ſhall have, BS: b: R.: co/.B, 
or, AB : BC : R % B. Q. E. D. 


CorotLary I. - 


2234. From this proportion, and the formula 
7 ef in the preceding Chapter, the follow- 


ing analogies may be eaſily deduced; AB: BC: 


fin. AB x fin. BC : Rc coſ AC ce. AB x af. BC 


(by ſubſtituting for 5 B its value in art. 225): 22 
R Z Axle % A x cof.C 


9 nts Aa 


RR MMI — R nn 221) 
— 
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5 t RR: of. AC x ,n. C (if the angle A be 900) 
1 lang. BC: tang. AB, by art. 228. 5 


VV Co OL L AR Y II. | 
25 5. If the triangle is right-lined, we ſhall ſilt 


have under the lame ſuppoſitions, AB ; BT: N 
coſ. B. 
-. Tnzortn II. 
2 a6 If the ſame things be ſuppoſed as in the prece- 2 
ding Theorem ; the fluxion of the variable fide adjacent 
o the conftant angle is to that of the angle oppoſite to 
this fide, as the ſine of the fide oppoſite to the conſtant 
angle is to the Vn: ne of the angle oppoſite to the conſtant 


Ide; that is, AB TC: : ſin. BC An. B. 


DEMONSTRATION. 


Let the ſides, CB, C4, be produced till they be 
each 90 and, it is manifeſt that, the arc Ff will be 
the meaſure of che variationof the angle C. This be- 
ing granted, ſince the little arcs, Ef, Bb, contain che £5 
fame number of degrees, we ſhall have, Ff 1 Bb $5: 
R: /n. BC; and likewiſe, on account of the trian⸗ 
gle Bbe, Bb : Bp :: n. B: R: then, if we multi- 
ply the correſponding terms of theſe two proportions 

: Together, we we ſhall get, Ef: BZ: : in. B: fin, BC; 


8 5 AB : fin. B : fin. BC, and, irvertendb, 
AB: C : fn, BS : fin. B. Q. E. D. 


ConoOtlLAky: 1. 


257. If for the quantities, Vn. B and | n. BC, 
: Heat be ſubſtituted their different values deduced 
from the proportion between the ſines of angles and 
thoſe of their oppoſite ſides, we ſhall find this ſeries 


of equal compariſons ; AB: C: : /in.* BC : An. AC 
x ſin. A:: fin. ACx fm. A n. B: MB 
fu, AB: 16 x A AC : n. A x Au. 

fn. AC x /in.* | 


— wt AT by 22 * — - 
A 4; * —— IN oi ADEN bo EC rr net a Bhs £ 


Conor 
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CoRNOLLARY II. 


2238. If the triangle be right- lined, the /ine of 
the ſide BC will then become the fide itſelf, and 


therefore the Theorem 8 thus; AB: C. 
BC 9 . EH 5 
Tuo zu III. 

2 59. The fuxion of the fide oppoſe te to the conſtant 
angle is to that of the variable angle adjacent to the 
conſtant ſide, as the ine of this ſide multiplied by the 
coſine of the third angle is to the fine of the ſame fears 


multiplied by the radius; that is, BC: 2 : A iu. BC 
* of. B: An. B * R : fin; BC-: tang. B. 


DEMONSTRATION. 


Since we have, by art. 253, BC : AB: : cf. B: R; 


and _ by the laſt Theorem, A AB: C: : fin. BC 
: fin. B; therefore we ſhall get, by multiplying the 
correſponding terms of theſe two proportions toge- 


ther, BC: C:: Vn. BC x ce. B fn BER :2 
ſin. BC: lang. . 
7 5 CoroLltLany T. 
460. If boy ſubſtitute for fin. BC its value, 


SAG , this new analogy will ariſe, BC : 
; : fi. AA AC: tang. B x fm. B: OE I * 
cot. AC— fin. BC BCN R* xn. C, 


by art. 214. 


ConoLLary II. 
251. If the triangle be right-lined, the ſame 
ſuppoſitions will give, BS. C:: BC tans. B; for 
the A ine of BC then becomes che ſide BC itſelf, 
TrzorEmM IV. 


262. Let the ſame things be ſtill ſuppoſed, and I ay 
ar; the Aurion of the 22 ide adjacent to Le conſtant 
angle 
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angle is to that of the angle adjacent to this f de, as th 
tangent of the fide oppoſite to the conſtant angle is ta the 
ome of the angle oppoſite to the conſtant Wl ae ; that is, 


AB: B : : tang. BC: ſin. B. 


DEMONSTRATION. 
According to the ſuppoſitions of the Theorem, 


Fig. 11. in the triangle DEF, whoſe parts are all, by con- 


ſtruction, ſupplements to thoſe of the triangle BAC, 


ThE angle at E and the fide DE, adjacent thereto, ; 
will be conſtant. Moreover, by the fourth Lem- | 
ma of this Chapter, the fluxions of the angle D 


and ſide DF will be reſpectively equal to thoſe of 
the ſide AB and angleB of the triangle BAC: but, 


by the laſt Theorem, we have, DF : D:: n. DF: 


lung. F; and therefore, ſince angles ſupplemental 
to each other have the ſame /ne and tangent, we 
| ſhall get, by ſubſtituting for theſe quantities their 
i correſponding values in the triangle BAC, and, in- 


ver lendo, AB: B: : tang, BC : fin. B. Q E, D. 


5 Coronary I. 


263. Since we have, AB B: lang. BC: 


In. B, and alſo, by art. 256, C: AB : : ſin. B: 
In. BC; we ſhall find, by multiplying theſe two 


proportions together, B: C:: fn. BC: tang. BC 


: . R (art. 1. % A R BA 


of. C : ſin. Bx fin. C (art. 226) : of. A* iin. AC. 
Anu. AB + cof. AC x ſin. AB x R R, e 


ting for 000. BC its value in art. 216. 
Cox OL LAK II. 


264. If the triangle be right-lined, # in. B will | 
then be = tang. BC, and therefore the fluxions of 
the angles B and C alſo equal: which thing muſt 


of neceſſity ! lince 1 in every right-lined tri⸗ 
angle 


—_— * —_ A 
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angle the ſum of the three angles is always a con- 


ſtant cle roots and moreover by 8 one of 
the > 5 eee 


5 SE 0 T. III 
* oncerning the fluxions of any ſpherical or Hb 


ned trian 9 ao herein one of the angles and 
ts oppojite ite fide are ſuppoſed conſtant. 


 TrnzoREM VF; 


26 5. hack that in the triangle BAC the * at Fig. 28. 
A and its oppoſite fide, BC, are conſtant; the fluxion 
_ of either of the other angles will be to that of its oppo- 

ſite fide, as the tangent of this angle is to the tangent 


of the ſame ſides that is, B: AC: ang. B: lang. AC; 
or, ©: AB: lang. C: tang, AB. | 


DEMONSTRATION. 


5 Since the angle at A and the oppoſite ſide, BC, 5 
: of the triangle BAC remain conſtant, arid the pro- 
portion between the nes of angles and thoſe of 
their oppoſite os Ws An. C= = = ju 0 x in. AB, 
and, | 7n. B = = 2 FOX in. AC; z It is evident . 
the fluxions of fin. C and fin. B will be as thoſe of 
the ines of the ſides, AB and AC, which are op- 
poſite to them. But, by art. 250, the fluxion of 
the arc which meaſures the angle C is to that of 


the a arc AB as e — of ich AB or, which istheſame, 
of. 50 e 


„ 


1 ESD, ale in. C - AB. 


ſin. 2 ſn. AB (becauſe the relation of Vn. c: | 


25 in, Ab mult be conſtant); wherefore, if /n. C: 
= 5 Fs 
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n. AB be ſubſtituted for In. C: fin. AB in the two 


laſt terms of the preceding proportion, and after- 


conſtant ; the fluxions of the other two fi 


| Fig. 28. | 5 S TI" 
manifeſt that, the angles at & and c will be right, 
as alſo bc =8y ; and conſequently (by taking from 

theſe equal quantities the part 2c, which is com- 


wards the tangents into which they may be changed, 


we ſhall get, C : AB:: lang. C: lang. AB. 


We might prove in the ſame manner that, B: AC 


:: tang. B: tang. AC. QE. D. 
VVV 
266. If A — 90%, we ſhall have; C : AB::R 


un. AC, and alſo, B:: AC: R: n. AB, art. 228. TY 


"CoroLltanry B.-: 


267. If the triangle be right-lined, the fluxions 

of the angles B and C will be equal; ſince the ſum 

of the three angles, as well as one of theſe angles, 
are conſtant quantities. Moreover, the tangents of 


the ſides, AB, AC, become then the ſides them- 


ſelves, and therefore we ſhall have; As the fluxion 
F one of the angles is to that of its oppoſite fide, Jo ts iy 
the tangent of this angle to the ſame /ige ; that is, & 
: AB : tang. C: AB, or, ſince C = B, B: AB:: 


lang. C : AB; and, C: AC: : tang. B: AC, 
268. Suppoſing ſtill one angle with iis appe ſite ſide 
les will be as 
the coſines of their oppoſite angles, and thoſe of the 


other two angles as the coſmes of their oppoſite ſides ; 


that is, AB: AC:: coſ. C: coſ. B, and, B: C:: 
coſ. AC : coſ. AB. Do ***VV V 


DEMONSTRATION. - 
_ Having taken D& = DB, and Dc = DC; it is 


5 mon), 
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mon), 6 = cy, This being premiſed, from the 


- 4D triangle 85B we ſhall get, BSA: 56: 


R;: coſ. B; and allo from the right-angled 3 
Go. cy : Cy :: coſ. C: R; and therefore, by the 
multiplication of correſponding terms, BE: 8 


coſ. C: B; or, AB: AC: : .O: . 
GE. 19. . 


29, In the triangle DEF, hel parts are ſeve- Pig. 10 
rally the ſupplements to thoſe of the triangle BAC, 


we might find, PF: EF :: of E of. D: where- 
fore, by ſubſtituting for each term its correſpond- | 
ing value i in the triangle BAC, we ſhall get, B: C 
e coſ. AB. Q E. 2. D. 


ConOTLARX I. 


269. Since we have, AB : AT : 6% C: ) 60% R. . 
we ſhall alſo have (by art. 225) : : cof. AB x fin. AB 
* R — coſ. AC x cf. BC x ſin. AB: coſ. AC x 
Jn. AC x R — cal. AB x cof. BC x fin. AC: and. 
| ſince we have, C: B:: co. AB: coſ. AC, we ſhall 
likewiſe have, by putting for co. AC its value in 


art. 216, and dividing the two laſt terms by coſ. AB; 


G. B::R: ns + Tam: Gr e 


; Conrorttarky I. 
270. Since we have, by Theo. V. AB: C: 


_ tang. AB : tang. C, and, by the preſent Flare 


C: B:: cs. AB: coſ. AC; if we multiply the cor- 
reſponding terms of theſe /o proportions toge- 


ther, we ſhall get, AB: B:: Rx Vn. AB: lang. I 
06 x, cof. AC. By. a ſimilar proceſs. we might find, 


0 : R x fin. AC : tang. Bx cof. AB: Then, 
if we ſubſtitute | in theſe two proportions for fin. AB 


—— a ure Pe 


* — —— — 
== — 2 — 3 — — 

— — — — — 5 ENT. SIE 

— - : S TAC BILL IES 

IR = _ — 2 r 

— — 42 — 222 
D— ——_—___ OC __ . 
q 


AC x V | 
and 0 in, AC, their reſpective Values, 2 5 i q | | 
N and if 


— 


— — = * ** 
. 

— — — — En EE — — 
—— —— 2 — ——— — — 

_y — — = — — 
R . 
” — * 1 —— 

— 2 ere IT 8 — EO” 

— 6 = ; : 


— 


— 
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"KC. the following analogies will 
| als; AB: B:: tang. AC X coſ. C: R x n. B, 


and, AC : G. : tang. AB x wf. B: R x in. C. 
Likewiſe, if we om: ſubſtitute, in the firſt pro- 


portion, AE —— = for cf. AC, we ſhall find, AB 


"Ws a; AC 1 AB: tang. [#4 x An. AC: 
. AC & 4 155 — fin. AC x of. BC : 
dn B x fm. 8 

885 R 

5 lue, given in art. 426. 


values! in art. 228, * Bo 2nd ee af 


for fin. ACx cof.. AC the expreſſion Which! 1s equal 1 


700 it, by art. 26-5 
Conotiary III. 


271. 11 che triangle be nicht ned, the fluxions L 
of the ſides will ſtill be as the coſines of their op- 


poſite angles; and the fluxions of the angles as 


the coſines of their oppoſite ſides. But, fince in 
this caſe the ſides are, or may be, conlidered a8 
arcs indefinitely ſmall, their coſines will be all equal, 
and therefore the fluxions of the angles alſo equal; 
a thing that we may be eaſily convinced of oy; oor 1 


—. 


| different cantiderations. 


"SECT. IV. 
8 the fluxions of a ſober 1 or 5 


lined trian gle, when 70 my” 71.0 * bdes TCmMane 


e. ; 
T HEOREM VII. 

272. The fee of the angle contained between the 
two conſtant A0 aes i is to the ir of either of the other 


two 


”, by putting for cof. of its va- 2 


Moreover, if we ſup- 4 
Poſe the angle at A right, we ſhall get, from the 


| latter Proportion, AC : G's: /n. 2 AC R&R 


cot. C; by putting for tang. B and coſ. AB, their 
cot. „ 4-4 cf. BOXR and 155 


fo 
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two angles, as the product of the fine total and fine of 
the variable fide is to the product of the fine of the 
ide oppoſite to the latter angle and the coſine of the 


Third angle adjacent to this fide; that i is, by ſuppoſing 
the ſides AB and AC conſtant, A: B:: Rx in. BC F. is 29. 


: ſm. AC x cf. C, and, A: Cc: R x fin BC : 
fm. AB Xx of. B. 


DEMONSTRATION. 


Suppoſing the angle BAC changed to BAL, let 
the ſides, AC, Ac, be produced till they become 
quadrants, ACE, Acf; and, it is manifeſt that, 


FF will be the meaſure of the variation of the an- 


gle at A: in like manner, let the ſides, BC, Bc, be 


1 produced to, G, g, ſo that, BCG, Beg, may be each 


900% and, it is again manifeſt that, Gg will be the 
meeaſure of the variation of the angle at B. More- 
cover, let there be taken upon the ſide Be the are 


: By = BC, and there will by this means be formed 


the triangle Cyc, right angled at y, wherein the an- - 
_ gle 1701 is perceptibly equal to the complement of 


the angle C. This being premiſed, on account of 


; the ſimilar ſectors, Ef, Cc, we ſhall have, FF: C 
R: in. AC; alſo, on account of the right-an- 
Ad triangle Cy, Cc:Cy::R: coſ. C; and, on 


account of the ſimilar ſectors, Cg, Cy, Cy: Ce : : 
Vn. BC: R; then, if we multiply the correſpond- 


ing terms of theſe three proportions together, and 
ſubſtitute in the reſulting product the values of E if. 
and Gg, we ſhall get, A: B:: Rx. in. BC : in. A 
We might prove by a ſimilar proceſs 
that, A: (Ox: Rn 'BC : : ſin. AB x ce. B. QED. 


X cop. C. 


CoxorLAAY I. 1 855 
2 27 3. 17 in the firſt proportion we put . 2 22 822 1. 


for Jn. AC, we ſhall find; A: B. RA A * 


fin. 5 | 


— ͤ——-—T1! 2 7˙ ——— ee ne — 2 


„ SPFBERTFCAL 
AB af: e fn. AC X fn. 


ſin; K x lang C : on B x on C by fubfuring for 


| fn BO its value, er H, Heeg) ffn. R ria. C 


: fin. B x fin. AB (by taking away n. C in one of 
the preceding compariſons) : n. BC : co,. ABX 
8 R —co/. AC x co. BC (by putting in the firſt pro: 
portion the value of co. C, given mm art; ii 
fin, AB X ſin. A : fin. AC x + fin. 20 (by ſubſti- 8 
Jin 1. AB r A for 


ruting in the fame | proportion fo 8 


fin. BC, and 4%. 20 for s ) „ 


1 ſtituting = 


R 
An. BX of. AB — fin. BX oof. B x cat. A (by ſub- 


2 BC eee B for fin. AC; coſ. AB * n. K 


- x. Ain. B — uf 2 * wf.B xR (art. 221) for co/; "+ TY 


7 WO 2 1 * : R* : cg. AB x RR 


— fin. AB x of. B x cot. BC by takin away * 235 
(art. 214), and putting . R* for fn. 4 BIG 8 


anne OD 
274. Similar ſubſtitutions in the ſecond propor- 
ä tion will give the following compariſons; A: C 
R x. /in. A of Cx coſ. B: : fin, BC x tang, B: 
v4 AB x fin. B: : tang. B x /in. BC : in. AC Xx 
We : tang. By fin, A: ſin. B x fin. C. : fn... 
: af. AC X K cf. AB x cf. BC. 
e = CoroLtAaky III. a 
275. If the triangle be right- lined, the /ines of 


1 che fictes will then become the ſides themſelves, and 15 


therefore we ſhall have; A:B::RxBC: AC x 8 
5 coſe. C, and, A:C::R x BC: AB x cof. B; that 
is to ſay, The furious of the angle included between 


i the ene Ades and either of the other two angles, = 
wWi 


(6. 


"will be in tha Arete 3 ratio 50 the ef de oppoſite 
ra theſe angles and of the rains to the 00 ne LY the 


third angle. 
— THEOREM VIII. NT 
Rs 6. The fluxien of the an age contained between the 
Conſtant ſides is to that of its oppoſite Side; as radius 
ſquared is to the refangle under the ſine of either of the the 


other angles and that of its adjacent Ade; that is, A: BC Fig: 29. 


. *.. AC NR : Jen. B * fin, AB. 


DEMONSTRATION. 
The ſimilar ſectors, E,, Ct give (as we have 
Already obſerved), Ef: CS:: R: fin. AC; and 
the little right-angled triangle Cye, Ce: „c:: R: 
Vn. C; wherefore, by multi lying correſponding | 
terms together, we Mall get, Bf: » R n. A 


x Ain. C; or, A: BC::R*: AE x/in.C.— 


8 By ſuppoſing the angle A to flow towards B, we 


15 ſhould find in like r manner, A: BC: K n In. AB 
8 *. N E. D. 15 
e 


277. If we fubſtituce f * e 2.5 a ” FOOT 28 


for fa. AC, we ſhall oet; A: BC: 12 Re * fm. A — 
: fin. BC * fin. B x fin. C R. x fin. C: fu. AB 
* fen. B * In. C:: 22 An. BC x fin. C : r. AB 


— A 17. Jt 
| L AN by ning Fo — fo uc. 


ee \ Conotiany 11. 5 
PET if te triangle be shi. lined, We thall 
have ; A: BC :: R. AC in. C:: R=: AB X 
An. B:: R: AD (by ſuppoſing AD to be a pers 
pendicular let fall Nom A" angle A upon the op- 
Poſite ſide, BC): whence we infer that, if two ſides 
> a right4ined a conſtant, 7˙ be fluxion 4 
5 . 


178 SPHERICAL: 


the angle included between theſe / ſides will be to that of 
ils oppoſite fide, as radius is to the perpendicular let 
1 from this angle upon the aid fide, 
5 THPOREMH IX. 


be fluxion of either of the angles adjacent * 
"le as fide is to the fluxion of this fide, as the co- 
Tangent of the other. adjacent on ods is to the fine of the 


Fig. 29. Jaid fide; that! is, C: BC: cot. B: : ſo. BC, and, 
B BS : cot. C : ſin. BC. 5 5 


DEMONSTRATION, 
Since we have, by art. 272, A. * Rx. in. _ 


n. AB x co. B, and, by art. 276, S ASC 
x. ſin. AC: R*; if we multiply theſe two propor- 


tions together, we ſhall get, BC: C: : ſin. BC x 

| 0 C x /in. AC: R K. An. AB & caſ. B: : fin. BC: Bo 

55 | WILT ILY R :: fin, BC : col. By by ſubſtiruting . | a 
5 / — 3 9% B . 
8 — _— fo 22 AB, and cot. B for . =, 7 


Os C: B: : cot. B : ſin. BC. CK. D. 
Conoiiany Yd 


280. Since, B : BC :: cor. C : fin. BC, it will be 


700. C: in. AB Vn. A (by putting = 1 
for n. Ws Sc.) RR lang. C x fn. BC (by - 
Putting ff. C 7 r for a CN +: cot. 0 Woes B : fin, AC : 


5 xi. in. A (by 3 _— — for. i in. Bc) 


Ol 5 1 BC X /in. B R 
5 R. cot. AB X /in. BC — co/. BE X co/. 78 - (by art: 214) 
cot. e ds . BC An. BC X 


itt. 


and conſequently, BC: 2 : fin. BC : cot. B, , or, N 


eaſy to obtain the following compariſons; :: Ræ ; 
in. A 1 AB 
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cot. AB R cot. BC X R 


Jin. B 1 "rang. B R (by dividing = 


co. B X cot. — 1 
by I. BO x fix. B. Gr.) : cot. AB — LEE 


: /in. B, by multiplying by /in. B, Sc. — We 
might find compariſons exactly fimilar for the pro- 


portion, Cc: BC : : cot. B: fin. BC; but think it f 


8 * to particularize 1 them. 
9 5 Conortany II. 


281. 8 BC :: cor. C FR. BC, and, BE ö 


&: : fin. BC : cot. B; if we multiply the corre- 


5 ſponding terms of theſe two proportions 2 5" : 


we ſhall find, B: : : Zang. B: lang. O. 


"OE © 
| fra. C 


38 ee 
. 20 fi in. C : 


e III. 


282, if the triangle be right-lined, the The- 


orem will give, BCS: C: BC: cot. B:: BC x An. B 
26 Bx R; or, as the perpendicular let fall from _ 
the angle C upon the ſide AB is to the coſine of the 


angle B. In like manner, BC woill be : B: BC: 
col. * and . B: C: Fon B : Jong. C. 


i 0 
Comin the fluxions of any . Tri ri- 


angle, wher eof 1 Fw0 fs the oe are ee rs 


| On. 5 


TREOREM * 
383. Suppoſi ng the two angles, B. C, in «the ſphe- Fig. 8. 
rical triangle BAC conſtant ; the fluxion of the fide to 
which theſe * are * will be to that of _ 
"MS 4 0 


e be. Bxf.C : ſm. Cx ouſ.B: REAC x - 
e ts AB x of B, by ſubſtirutin 2 ADB 
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Fe other ſides, in the dire compound ratio of the 
Annes of the angles oppoſe ite to theſe / aides and f i 165 2 1 


Fig. 11. 


* 


of 1 laſt Section; therefore, we ſhall have, F: B 
„ iR en. FE x co. E; and, by taking 
. the correſponding values in the triangle BAC, = 


| BG: AB: Rx n. A : ſin. Cx cf. AC. —We | 
1 5 might prove in like manner that, BE : AG: K 


— _ to the coſine of the third ſide; that 1 is, BC 
in. Ax R in. Cx cf. Ac. 


DEMONSTRATION. 


In the triangle DEF, which has all its parts hi 55 
polemental to thoſe of the triangle BAC, the two 
ſides, DF, FE, will be e whence this caſe 


appears to be reduced to that of the firſt Theorem 


* in. A. e e QE. D. 
1 TREORENM XI. 


ab The ſuvion of the fide contained betwees FA 
. conſtant angles is to that of the oppoſite angle, as the 
coſecant of either of the other ſides is to the fine-of tbe — 


> conſtant angle above this fide , that i, BO: Az; 1 


 voſec, AB: ſin. B :: coſec, AC : : ſin. C. 


DEMONSTRATION. 


It is well known, that the cofecant of an arc is 
. equal to the ſquare of the radius divided by the 
fine of this arc; therefore, the whole is reduced to 


prove that, BC: A : : R* : fin. Bx ſin, AB; a thing 
eaſily done by means of the triangle DEF and 

Teo. VIII. by aa method ſimilar tothat uſed 
the laſt Theorem. Q. U D. 8 


in the demonſtration 
- Tauzorzm XII. 


.. 489. The Fluxion of either of the fides oppoſite to the 
conſtaiit angles is to the fluxion of the third angle, as 


. lle benen. of ie other Jody 4s 15:t0. be Jme ef the E =: 


. g. 
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angle; that! is, AB: A: col. AC: : ſin. A, and, AG 


; A: 000. AB: : ſin. A. 
DEMONSTRATION. 


This A grig may be immediately deduced 
by applying it to the triangle DEF, 


from Theo. 1 
: and making the neceſſary changes. 8 0 D. 


COoROLLAR v iy 


0 "of 6. It follows from the laſt Theotem, has tha : 
fluxions of the ſides, AB, AC, oppoſite to the con- 


5 ſtant angles, are as the tangenis of theſe ſides, 
”  Corollaky II. 


Ro 287. By ſuppoſing the triangle ght line, the 
firſt Theorem ſhews us, that the fluxions of the 
ſides are to each other as the /ines of the angles op- 
poſite to theſe ſides; which thing is alſo well 
known by, and eaſily proved from, the elements of 


Geometry. From the ſecond Theorem nothing 


can be deduced, ſince in a plain triangle, which is 


ſuppoſed to have two of its angles conſtant, A can- 
not obtain. The ſame aſſertion may be made witk 
reſpe& to the third Theorem. Laſtly, from the 
preceding Corollary it may be inferred, that the = 
- Hakim of the ſides are as the ſides thernſclves; 'T 8 
thing likewiſe demonſtrable by the elements of 


5 plain Geometry. 
e OBSERVATION. 


288. The foregoing Theorems might have been 
eaſily demonſtrated from the figures uſed in the 
projections, by finding the evaneſcent relations of 
| the different lines therein deſcribed. They might 
| likewiſe have been deduced from the 10 
which have been obtained by the application of 


7 Algebra, by ſuppoſing ſome of the. letters, a, b, c, 
a, V & TW kar OT to the conditions 


of 


rmule 
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of the Theorem to be demonſtrated, and then paſt: 
ing from the fluxions of the /ines, tangents, &c. to 
| thoſe of the arcs of. a circle: but the method of 


Mr. Cotes appeared to me the cleareſt, and at the 


fame time the eaſieſt ; for which reaſon. I have not 


given much more than a tranſlation of his excellent 


little Treatiſe, © De eſtimatione errorum in mixtd 


« Mathe/i:” the theory indeed I have attempted 
do render ſomewhat more ſimple, by applying it to 
pPalöKkhain triangles in bare Corollaries ; but ſuch a li- 

berty 1 hope my readers will candidly excuſe. 

What now remains is to make ſome applications Ke 


of this theory to different W 


its value e 


EXAMPLE 1 


SO LU-T 1-0 N. 


Te] is „ manifeſt that, in the triangle BAC, the ſide _ 
| AC and right angle, A, remain conſtant ; therefore, | 


by art. 258, we ſhall have, AB: C:: BC: /in. ABC 5 
34. 2AB : ff 2 2A Ch for by ſubſtituting for in. 2 ACB 


. ACB x /aw- Lance 


termination of the ſaid height, will be the leaſt 


| poſſible, when the ne of double the obſerved an- 
_ gle is the greateſt poſſible ; that is, when this an- 
gle is 452 for which reaſon, when we would find 


the height, AB, of wy TOs by the obſervation 


* 


299. Let there be an object whoſe bake, AB, we | 
— "oat meaſure by taking with an inſtrument the angle ; 
Ac; it is required to determine what error may be 

8 committed with reſpect to the ſaid height, by ſuppoſing 
i #he error in the meaſure of the obſerved angle to be known, 


by art. 13, this pro- 


portion becomes: BC : R. : AB : An. ACB); and 

_ conſequently, The error of the beight AB is to the mea- 
ure of the error of the angle C, as the double of this 

height is to the fine of the double of the obſerved angle. 

The error therefore, which can prevail in the de- 


MO 2 2 


mo 
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of any angle, as C, we muſt ſo contrive it, that 
the angle obſerved may be the neareſt 455 poſſi- 
ble. Q. E. I. 

2090. Let us now proceed to diſcover what the 
Error of the height AB may be, upon a ſuppoſition 
that a miſtake of one minute is committed in the 
determination of the angle C. If we make the ra- 
dius = 10000000, the arc of a minute, which mea- 
ſures the ſuppoſed error, will be 2909 ; the double 
whereof is 38 18: but this quantity is to the /ize f 
double the angle of 45? or to radius, as 1 to 17193 
and therefore, according to this ſuppoſition, the miſ- 
take concerning the ſaid height ABwill be th part 
of the height itſelf. If the error of the angle, 
Ac, be increaſed or r diminiſhed, the error of the 
height will be increaſed or diminiſhed in the ſame 
ratio: alſo, if the angle obſerved be greater or leſs 
than 45 » the error of the height will be increaſed 
in the ratio of radius to the 7 ne of double the fad 
angle. 5 


ExAUr TIA Mt. 


e $98; It is required to find the Jew of the day o. 

nigbt, by obſerving the altitude of a ſtar ; and alſo o 

alien the error of time, by appel. ng the error in the ; 
obſerved altitude to be known. 


SOLUTION. 


Let there be a ſpherical triangle p28, wherein . be. 
P is the pole, Z the zenith of the place of obſer- 
vation, and S the place of the ſtar obſerved ; then 
will PS be the complement of the ſtar's declination ; 1 
ZS the complement of its altitude; PZ the com- 
plement of the latitude; and the angle Z PS a va- 
riable hour- angle contained betwixt the conſtant 
ſides, PZ, PS. This being premiſed, the fluxion 
of the hour-angle SPZ is (by art. 276) to the 
fluxion of the 3 ſide SZ, as the coſecant 5 
the 


1 SPHERICAL. 
the angle PZS is to the fine of che fide PZ ; or; 


P: ZS :: Ra: : fin. 2 x A, is. PZ: but the variation 
of the angle atP is the meaſure of the error in time; 


15 therefore, by taking Þ for the ſaid ene we ſhall 


get, Port = *. 28 QE. I. 


Jin. 4 . 


1 ATE COROLLARY. e e IT 
292. It follows from herice that, if we fuppofs 


= the ſame error to prevail in different obſervations, 


and the latitude of the place to continue alſo the 
ſame, the error of time will not be altered, whar- 


ever the altitude of the ſtar in the given vertical be; 


<5 5. ets = = will be always. a conſtant. quantity, T 


Moreover, we may perceive that; by ſtill ſuppoſing 


the latitude conſtant, the error of time will be the 


leaſt, when the ſtar is obſerved on the prime ver- 
tical: and, if we aſſume two different latitudes, 


the error will be the leaſt poſſible, when the ob- 


| ſervation is made at the equator, and the ſtar ſitu- 5 
ate on the prime vertical. For inſtance (granting 0 


the truth of theſe two affertions) ; if we ſuppoſe a 


miſtake of one minute to be committed in the ob- 
ſervation of the altitude, we ſhall find, by making . 
the calculation, that the error in time is 4“: but, 
if we again ſuppoſe the obſerver to be removed to 


a certain diſtance from the equator, the error then 


(provided the ftar be ſtill obſerved on the prime 


vertical) will be to that aforegoing, in the ratio of 


radius to the co/ine of the latitude ; fo that for a la- 
 kitude « of 459, the erfor will be 343 for a latitude 
of 509, 6'z, and for a latitude of 559, „ 
L“aſtly, if a ſtar be obſerved on any vertical nehned 85 
to the meridian, the error will be yet increaſed with 
regard to thoſe above given, in the ratio of radius 
I to the fir Ine of the angle contained between them; 
3 and 
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and its variations at the ſame time depend on thoſe 


PPE | in the firſt obſervation * 
EXAMPLE III. 


„Les, LSK, LSK, be two at Imaranters er cir. Fig. 32. 


ter Parallel to the hori Zon, and, 8, S, the points 
_ where a ſtar (whoſe declination is furp 2 the ſame 
during the whole day) paſſes over theſe circles; it is re- 
quired to find what the relation of the ang les, PSZ; 
PS Z, made by the hour-circl:s, PS, PS, with their 
correſponding verticals, : ought to be, ſo that the line 
token up by the flar 7 in p ng from one CURQCANHET | % 
the other may be the lecſs poſſible, 


SOLUTION. 


From the data of the Problem it is manifeſt. 
that, in the triangles, PZS, FEES, the hdes; PE, 
28S and ZS, remain conſtant, whillt the e 15 ares, £0. 
PS, Vary. Let then þ and Y be put for the hour- 
angles at P; S and S. for the angles at. 8 5 ſtar at 
8 and 85 made by the hour- circles PS and PSO 
with the correſpondi ng verticals 28 and ZS, and 
let D repreſent the declination; ; the Huxion where- 


of, P, will be negative, ſince, if the declination be 5 
; northerly. (as we have at preſent ſuppoſed it), the 


arcs, PS, PS, will decreaſe as the declination in- 
_ creaſes, This being prem ld We mal! have, | by”. 
LO cots 8 * | 
art. 279, * e and, in like manner, 
„ cot. 8 1 
ro nr —D- . then, ſince the time over the 
arc SS' is to be a minimum, the Adee Or cheſs 
fluxions of the hour-angles muſt be equal to no- 
chi : e | 8 1 I ence 
| g; | — — „ WACNTC 
we ds deduce, cot. S = wt. S; and there- 
BB „ = Tres 


— 


— For theſe two Examples ff CC Cot CS 8 aforementioned 
Treatiie. JAIN 
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fore, S=S', Now, if this ſtar be the ſun, and 


one of the almacanters coincide with the horizon, 


- whilſt the other becomes the crepuſcular circle 


(Which is uſually ſuppoſed to be 189 below the 


horizon), the conſequence juſt inferred intimates 


to us, that, on a day when the thing required hap- 


angles at the ſun ought to be: which we e proceed 


Fig. 32; 


pens, the angles at the ſun, both at the horizon 
and crepuſcular circle, are equal. From this conſe- 
quence therefore, the day of ſhorteſt twilight may _ 
be found, provided we firſt ſeek what the declina- _ 


tion anſwering to this determinate relation of the 


to do in che following 
PRO B L E M. 


294.  Suppoſ ing the. angles, made by two bour-cir= 


cles with their correſponding verticals, equal ; it is re- 


| dre to find the ſun's declination anſwering thereto. 125 


SOLUTION: 


Let 8 and 8 repreſent the angles contained be- 
tvween the hour- circles and their correſponding vers: 


ticals; C and C the diſtances of two almacanters 


from the horizon; L the latitude of the place, Ae 
D the ſun's declination: then (by art. 225) we 


cof. D * . — 


ſhall get from the triangle PZS, —_= 


Rx/n.l — Vn. C x fn. D 8 a EDX os | 
OT a es = 


R EP oak. 3 D Hom” the triangle PZS'; 


putting + before iu. C/ in the ſecond formula, : 
| becauſe ZS', as well as its oppoſite ſide, is obtuſe. 

Now the firſt members of theſe equations being 
equal, the ſecond will be fo likewiſe, and give this 
new equation, Rx fin. L x coſ. C'— fin. "oi Rn. 


X % C = =R «ſm. L x cf. C+ſin.C' x. in. D x 
C. C: whence we immediately deduce, /in. C“ x 


e C *. C“ * eee 


"fo 
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An. L: in. D; or, by art. 3%, fin. CEC: co.. C/ 
— cop. C : : ſim. L.: fin. D, or otherwiſe, by art. 87 

C4 Oe 

and 94, co. —— 1 5 2 L : in. D. 


1 hen, if we ſuppoſe C=6 (as it really muſt be in 
the caſe of the ſhor teſt twilight), We ſhall get this 


laſt proportion; R: — tang, = : : ſm. L in. D; 


that is to ſay, As radius is to the tangent of half the 
depreſſion of the crepuſcular circle below the horizon, ſo 


is the ſine of the latilude to the fine of the ſun's declina- 
tion: where obſerve, that, as the declination is ne- 


8 
gative (becauſe tang. Ra is pieceded by Mc} It muſt. 
be of a denomination e to the latitude of BH 


the place. 
01D Mruob of SOLU TION, 


295. Let « be put for the coſine of the hour 
angle at the inſtant when the twilight ends, and ; 


ru 


4 = the angle itſelf will be repreſented by, 7 x _} ; 


it s 7 
. 4 


| : alſo, let 2 be put for the coff ne of the ſemi-diurnal 


5 my 


: arc, and this arc will be, 7 X = 
5 — * 5 | 


for the 4 ne of the laticude; and g for its 22 wo; 
for the ſine of the depreſſion of the crepuſcular cir- 


* 


0 Moreover, let * de I 


dle below the horizon, and y for the i ne of the 


| hr* — cr 
ſun?! 8 declination ; and we ſhall have, 14 5 
5 "Cy 
SOD 1 
and, 2 == 2 A : then, if by means of theſe 


| values v we exterminate 4 and Zin the Grit equation, 


and afterwards divide by 95 we ſhall get, by* + 
ach ier: - r o; whence, y 


Bb? = 4 


: then muſt | 
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— er -c 5 


— cr e. ** — 
ö SS ak Jr 


hb | h 

But of theſe (for. r) values of 97 che two firſt indi- 
cating the ſun to be at the pole (where it can ne- 
ver phyſically arrive), are foreign to the queſtion 
and unapplicable: of the other two, the greateſt 
gives the minimum of the ſum of the ſemi-diurnal 
arc, and the arc which the ſun paſſes over from 
noon to the end of twilight; whilſt the leaſt gives 
the minimum of the difference of theſe arcs: con- 


; ſeque -nily, the declination required hath for its 


c. + ea ro — 2 
0 Therefore, if we put 


t for the ta 1 0 0 half the depreſſion of che cre- 
puſcular circle below the horizon, we ſhall have, 


1 


by art. 79+ .J == — OF, Fit 7 & | which 
 ſhews, as before, that the ſun's 4 805 is of a 
: denomination contrary to the latitude of the place“. 2 


OBSERVATION. 


1 296. From the firſt of the two receding ſolu- 
tions it follows that, if any two ſoherical triangles 
have two ſides equal each to each, and alſo an 
equal angle, oppoſite to one of the equal ſides, we 


' ſhall have this analogy ; As the coſine of * the fide ad- 


5 ent to the equal angle is to the cofi ne of the ſide op- 
poſtte to the ſume angie, fo is the coſine of half the ſum 


i the other two ſides 10 the cofine of half their difſer- 


_ ence. — This Proportion. 18 e ONTO deduced 


PLETE. 
from, of. . 2 fn. = 22 ſm. I. n. D, 


by obſerving " the baer denominations in 
the Proble em will be rendered general, if ſuch things 
only be preſerved as are eſſential o che triangles 


we ha ave occaſion to > conſide 


If, 


* Should not this ſolution appear enti: cy perſpicuous» 


conſult 9 "tuis's ARrone: mie Nautique, p. 38, De 


„and, = 
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If, in like manner, it was required to find what 
the declination of a ſtar ought to be, fo that, in 


paſſing over the interval contained between two 
given hour-circles, its change in altitude might be 


the greateſ} poſſible ; we ſhould vet by a fimilar 


9s and with the . denominations, 
bt — — e 1 225 5 
Cf: © 62 — + 3 : tang, L: bang. Dx. 


Ex AM LE IV. 
297. To find at all times the correction neceſſary to 


be made for noou-day, as deduced from correſponding 


altitudes of the ſun ; whoſe declination may be ſuppoſed 


o undergo a bitile change during the interval of [wo 


equal alliludes. 
801. U T1 0 N. 


Aſtronomers (in order to be certified of the in- 
ſtant of noon) take the altitude of the ſun's centre 
ſome time in the morning; then obſerve at what 


time in the afternoon it comes to the ſame altitude, 


and afterwards take half the interval of time elap- 
ſed between theſe two obſervations, as marked by 
a clock, for the inſtant of the ſun's paſſage over 


the meridian, Now this method would be quite 


exact and rigorous, provided the ſun did not 


change 1ts declination during the interval of the 


obſervations ; but this is a "thing never ſtrictly 


true. At the time of the ſolſtices this error is the 
leait poſſible, becauſe then the ſun does not ſenſi- 
| bly change its declination for two or three days; 
but at all other times of the year the operation 
abovementioned wants a correction, which it is re- 
quired by this Problem to determine : for, it is 


evident . 


— 


* To 1 me it appears that, as ZS! 3 Pas angle 258, are 


hb ＋ 5 h—ht 
obtuſe, the proportion ought to be, in. —— : Hi. 


lang. L: tang. D, 


* , Lens — — i6; wIIrs" watery aus <A 
, — — . —— — — — ——— 
— —— — — — — n—s 
1 — <0 an — — — — — ow — 


— 


ad r 
5 —_— 
* —— • vvbnæ.——— 


— A — —— 9 


r IC ISS: an 2d OtEIE 200d a ORIG Br 
B : . : 
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evident that, the ſun when in the aſcending ſigns 


arrives later at the ſame altitude, and ſooner when | 
in the deſcending ſigns; and therefore, in the ſix 


firſt months ſomething muſt be ſubtracted, and in 


the fix other months ſomething added, that the 


preciſe inſtant of noon- day may be obtained. 


Now to find this correction; let Ps be an hour- 
circle very near to PS, and terminated by the ſame 
almacanter LSK: then, it is manifeſt that, the 
angle S Pe, reduced into time, will expreſs how _ 
much later, or ſooner, the ſun arrives at the ſame 
altitude in the afternoon than in the morning; and 
conſequently, the half thereof will be the time 
which muſt be ſubtracted from, or added to, the 
Inſtant of noon deduced from correſponding altt- 
tudes. This being premiſed, if the change in de- 
clination be ſuppoſed ſo ſmall, as to coincide es 
the naſcent variation or fluxion of the arc PS; 
is evident that, the ſides, PZ, ZS, of the inge 
Pas will remain conſtant, whilſt the ſide PS va- 


ries. But i in art. 280 we inferred that, B: BC: 
cot. AB + . BU cot. BC 


fon. B- — zang. B 


have, ] 2 * ine = tang. dec. , a. formula, 
n fin. P — lang,: 


exactly agreeing with that which Mr. Maupertuis 


hath given in p. 34 of his Aftronomie Nautique : 


where obſerve, that the ſign 4- prevails, when the 
_ declination is ſoutherly, but the ſign —, when it 
is northerly; as we may be ealily convinced from 
the ſolutions given in the preceding Chapter. | 
The half of this expreſſion, reduced into time. will 3 
: be the correction required *. „„ 


—— 


R; and therefore, by 3 
te points, B, . A, C, to repreſent, P, Z, 8, we ſhall 


They, 3 


8 fog Roberifen 8 Tranſlation 6 of De * Caille 5 Alronomy, 
| p- 150. | | | : | 


© 
1 
r 
e 
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They, who are deſirous of ſeeing a variety of 
other applications of fluxional analogies, may have 
recourſe to the Ae of the Academy for the year 
1744, or to the Al ronomie of Mr. De la Lande. It | 
may be proper, however, to obſerve, that feveral 1 

of the ſolutions obtained by this means are not at- i 
_ tended with a truly Geometrical ſtrictneſs; but I 
approach ſo much the nearer to preciſion, as the 
arcs under conſideration approach the nearer to 
naſcent arcs. We ſhall now conclude this 
Chapter with the ſolution of a Problem which is 
more curious than uſeful (but may nevertheleſs in- 
timate to us ſome important truths, by the ſim- 
plicity of the ſolution whereat we arrive), viz. with 
finding the area of any ſpherical triangle. Several 
Geometers, amongſt whom may be reckoned Mr. 
J. Bernoulli, have inveſtigated the quadrature of 
this portion of the ſurface of the ſphere ; taking 
for the element (indefinitely ſmall part) thereof a 
differential (fluxion), whoſe integral (fluent) de- 
pends on the quadrature of the hyperbola. The 
ſubjoined ſolution, which we have in a great mea- 
ſure deduced from the Works of Dr. Wallis, is in- 
diſputably one of the moſt elegant that can be 
given, and may furniſh us with methods of obtain- 
ing, by the quadrature of the circle, the fluents of 
ſeveral fluxions which appear very complicated. 


PROBLEM. 
298, T 0 fad the area of any ſpherical triangle, BAC. Te. 33. 


80 LU T ION. 


In the firſt place, let the ſides, AB, BC, con- 
taining any angle, B, be produced, ſo that, BA3, 2 
BCE, AB. CBc, may be arcs of 1809; and, it is 

manifeſt that, the triangles, AC, aBc, will be | 

equal in all reſpects. In che next place, let a Plane . 
be conceived to pal through the points, A, C; 4, 15 

an | 
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9 analogy, "IA 


and of conſequence through the centre of the 
ſphere; and the ſurface ACBac will be equal to 


that of an hemiſphere z which we ſhall denote by s, 
putting the radius of its great circle = 7, and cir- 
cumference = c. This done, if the triangles, ABC, 
CBa, ac, cBA and AZC, be repreſented by, M, 
O, N, P and u, reſpectively, the portion of the 
ſpherical ſurface LABC6 will be determined by this 


25B 


— 


2 See e e eee p- 187, 2d edition. 


WOT OR TR ee 
5 the portion ACaBA by, c: A: 267 5 M 4- 


O, and that of CBAC by, : C : S=M- 
＋ then, if we collect theſe 2 Aude 
we ſhall have, B ATC X = M N TO 
IP; whence, as M + N + O+P=; M, or 
the area of mc triangle BAC, will be found = 
BTA + C * — e or, as the ſurface of an 5 


| hemiſphere = = cr, it will be otherwiſe found = | 


AFBÞ+Cxnr—lo=ATBrCDIcxr; ol 
and therefore, if from the ſum of the three angles 
of any ſpher ical triangle 180 be ſubtracted, and | 
. the remainder multiplied. by the radius - 
537%. 2957795), the product will give the ſurface - 
3 of ſuch triangle i in ſquare degrees 8 ”— 


CHAP. 


- 
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CR A P.- VL. 
Application of the formule demonfirated in the 


Second Chapter to ſeveral "_ -oblems of 


Aftronomy. 


\Hough, by the Tables ined 0 to the ſecond. 
Chapter, our readers might be enabled to ſolve 
all the Problems, which can be reduced to any of the 


caſes of right or oblique- angled ſpherical triangles; 
yet, as they, who are not well verſed in the per- 


formance of trigonometrical calculations, might be 
afraid of committing miſtakes upon applying the 


rules therein given to A the F.ocnrithins. we thought 


ourſelves under an indi fpenſib! 0 obligation of an- 
nexing a proper number of examples; in order to 
| render this little Treatiſe as complete as poſſible. 
We might, like all other Writers upon Trigono- 
metry, have made the applications to triangles, 
whole parts ſhould have had no particular deno- 
mination; but we judged it better to conſider the 
ſeveral triangles as relating to the circles of the 
ſphere, that the ſolutions "thence derived might 


ecome more intereſting to Learners. We 


5 will ſuppoſe then throughout this Chapter the 
i Principal circles of the ſphere to be denoted, as | 
they are exhibited in g. 24, viz. HOR to be the 


horizon; A0 the equator; IEL the ecliptic, 


making with the equator an angle that diminiſhes 
Very lowly, and which, with moſt other eng 
mers, we will here imagine to be 2328 30 


and PZH the meridian, where) in, 5 feel 


the poles, viz. P the pole which is elevated above 


the horizon, and p that depreſſed below. The Me 
titude of the pole we will ſuppoſe to be 405 1 

it is for the City of Paris; and, in the laſt place, de- 
Rote any ſtar or its place by 8 


Ve take it kor 5 


* 8 20 —— z — — 


— — ” E * ä—iUUU— — — — 
—— — —— —— 


— —— — — ——— — —— —— — . — —˙ 7 ———— — — —ĩ—— CIR —— - — 
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granted that the reader is perfectly acquainted with 
the meaning of a ſtar's declination, right aſcen- 
ſion, longitude, latitude, &c, as well as with all 
the principal circles of the ſphere; abundant ex- 


planations whereof may be met with in a variety 95 


- of 1 reatiſes on that ſubject. 


"PROBLEM I 
. Given the ſun's place in the ecliptic ; , to find 


| 1 lation or diſtance, SD, from the equator. 


80 L UTION. 
Let, 8, the ſun's place, be 189 24 of Taurus: 


then the arc ES will be 48? 24'; and therefore in 


the triangle SDE, right angled at D, we know 
7 the hypothenuſe, ES, and the angle DES = =239 


Mm DS ks 


28 30 S the obliquity of the ecliptic ; whence we 
_ ſhall get by the Table for right-angled 1 5 


fn. ES x ſin. DES 
— 


LOGARITHMICALLY. 
: 9.873784 = 3 log. An. 48 245 5 


9.000263 = bog. fin. 23* 28 zo”. 


94 474047 = bg-fne 17" 19:49 = DS. 
„„ PROBLEM ä 
300. Given the ſun's declination, as alſo the ſeaſon : 


of t the Hear; to determine his place in the echptic. 


1 91. U TEx0 N. | 
Let us ſuppoſe. the ſun's declination to be 199 


- 19 49" northerly, and the ſeaſon to be the ſpring: 


then we muſt find the arc, ES, of the ecliptic con- 1 


tained between the ſun and firſt degree of Aries. 


Now to do this, it is manifeſt that, in the right- 
| angled triangle DES, we ſhall know the angle E 


with its oppoſite fide, DS; and therefore the hy- 


| pothenuſe, ES, will be obtained by the common 


= e which gives, fi 1. ES = = % 


An. DS * R 
Hin: DES 


LO GA. 


 TRIGONOME TRY. 1 
LOGARITHMICALLY, 
9. 474047 = lag. fin. DS = 2 75 19 40, 
"8 0. 399737 = arith, comp. fin. 23” 28 967 
9.873784 = = ds, fin. ES = 48? 24 O0. 

S$S$SCHOL-LUM. 

301. From the preceding Problem the method 
of computing Tables for the ſun's motion in the 
ecliptic and his variations (by means of obſerva- 


tions) will readily appear. For, the latitude of the 
place of the obſerver being accurately determined, 


and a quadrant fixed in the plane of the meridian, 


the obſervation of the ſun's meridian altitude gives 
his declination, or diſtance from the equator; 
from whence his longitude for any day 18 en 
obtained, Dy the method above ſpecified. | 


ProBLE HE. 
302. 5 the fun's place in the FEY „ to f 1d 
is right aſcenſion, or (which is the ſame) the print, 
D, of the equator which paſſes over the mericzan 4 
15 the ſame time with the ſun. N 


80 LU T ION. 


"Soppolng ſtill the arc ES to be 489 24, it is 
required to find the arc ED. Now the Table of 


rigght-angled triangles gives for this calc, Jang, 


; = PM ES x 0 DES | 
ED 1 SL 


LOGARITHMICALLY. 
26 051604 = log. tang. 432 24 ©. | 
7 9.902480 = log. cof. 23* 28 39. 


10. e = bog. "ng 45 74 58. 1 
PrxOBLEM . 5 
30g. ide the latitude of a place, and the fe in's 


ies ; to find his ortive or occaſive amplitude, 


or at what ditance from the true eaft or weſt ve Hijes 


: EE. 
or ſets Ces SOLVU- 
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SOL UF t-U:N. 


Suppoſing always the latitude to be 480 515 
and that the ſun's declination is 189 30 northerly; 


it is manifeſt that, all ve have to do is to find the 


hypothenuſe of a right-angled triangle, DOS, 


wherein the angle DOS = the complement of the 


latitude, and the ide DS= the ſun's declination, are 


given. We ſhall therefore have by the common | 


- An. Do x R 
analogy, fin. OS — 00S. 
LOGARITHMICALLY. 
9.501476 = leg. fn. DPS = 185 360 0. 
8.181757 = arith, com. leg. fin. 419 95 on 
5 9.063229 = = leg. fin. os = 28% 49 45 + . 


Corollary 1 23 


304. From this Problem it follows that, 4 he 1 

ſun's declination and amplitude be given, the la- 
titude of the place will be ealily obtained : for, ac- 

cCording to this ſuppoſition, in the right-angled 

TE triangle DOS, we thall know (beſide the right 


: angle) the hypothenuſe and leg DS; wherefore WC 


8 hall have, fn. DOS TL * R 
LOGARITHMICALLY. 
9. 501476 = lag. hin. DS — 182 30“ 0%. 


0.316771 = aritb. comp. log. IE 289 49'45 


| 9. 818247 = = log. ſin. 419 z whence the lat, = = = 482 SVs. 


CoROLLARY I. 


3035. In like manner, if we have the amplitude, 


OS, and latitude of a place, given, we ſhall eafily 


| find the ſun's declination correſponding to this 


OS DOS 
5 apud that IS, „fe in, DS i EF oak 8 


I. OG A- 


3 Ah ROE. EE 3 


„„ Ee OR 
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LOGARITHMICALLY. 


9.683229 = log. fin. 28 540 450 
9.818247 = log. Jiu. 419 5 8 
9.501476 = log. ſin. 189 zo! o. 


PROBLEM v. 


206. Given the latitude of a place, and the ſun's 

5 5 in the ecliptic; to find the point of the equator 15 
coſich comes to the horizon at the ſame time with the 

un, or (which is the ſame) the oblique aſcenſion cor- 


PD reſponding to the ſaid latitude and place . the ſun. 


SOLUTION. 


"ba us up! poſe, as in the firſt Problem, that the 
ſun's place in the ecliptic is 189 24 of Taurus: 


then ( (by the ſame Problem) his declination will be 


1719 49”, conſequently, in the right angled tri- 


angle DOS, we ſhall know the leg DS with the 
angle DOS = the complement of the latitude, in 

| order to find the leg OD. To do which, the 

PD general Table for right-angled trangles- Sives, = 


tang. 98 x E * 
Vn. OD = tang. 568 


LOGARITHMICALLY. 


9.494217 = leg. tans. DS: = 17 19 49”. 
o. 058541 = arith. comp. log. tang. 419 9. of: 


— — — ——— —— 


9. 552758 = = log. Jin. OD = 20 55 1505 


Then, if from the right aſcenſion, DE, Lo 455 BY 58" | 


in art. 302 — —.— „ 
Wo ſubtract the arc CCW 26” $5: 45 


we ſhall have tor the oblique aſcenſion, EO 25 04 57 
Ss HOLI VU . 


3 307. It is well known that at the equator the 
days and nights are conſtantly equal, becauſe in the 
right ſphere the points D and O coincide. In an 
oblique ſphere, the arc DO expreſſes the quantity 5 
which muſt be added e, or ſubtracted from, 90%, 
in 


—_ —— es 
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in order to obtain half the length of the day at a 


place whoſe latitude is northerly, according as 
the ſun's declination is towards the north or ſouth. 


Alt is manifeſt that, we have paid no regard to 


the augmentation cauſed by refraction. 


ProBLEM VI. 
308. Given the latitude, and for s place i in the 


ecliptic ; to find the angle made by the 09 p29 with the 


bori xon at the inſtant of ſun-riſe. 


= SOLUTION. ” 
"Lex the ſun's place be ſtill ſuppoſed to be 189 


24 of Taurus; the latitude 48* g1', and conſe. 


gquently its complement AOH or DOS 419? 9: 


.- then (as already found in art. 299) the arc DS will | 


be 17 19 49, whence, by making the calcula- 


tion, as in Prob. IV. Vn. OS, the ortive amplitude 5 
will be found = 9. 655800 ; : allo EO (obtained 0 

TR from the ſame data in the laſt Problem) = 259 

| 043%; and therefore, by the common analogy 


between the fi mes of tides and thoſe of their oppo- 


1 5 fire angles, we ſhall get, 7 In. ESO . 2 . 


LOGARITHMICALLY, 
| 9. 600263 = Dog. ſin. SEO 2 28 30% HD 
9.626141 = log. Jin. EO = = 855, 0 45-* 
0.344200 = arith. comp. log. ſin. OS. 
9. 57 = = log. fin. ESO. =. 21? 5-7 32 . 


SCHOLIUM. 


309. By calculations, nearly ſimilar to thoſe 
maaade in the two preceding Problems, it would be 
eaſy to find the arc IE, of the ecliptic, contained 

between the meridian and interſection of the eclip- 
iic and equator. For, having obtained the oblique 
aſcenſion, EO, the arc AE, of the equator which is 
the complement thereof, will become known; 


whence, in che acht angles triangle IAE, the 
ſide 
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fide AE with the angle E equal to the obliquity 


of the ecliptic will be given. 
wiſe find the arc of the meridian intercepted be- 


tween the equator and ecliptic; as well as the 
angle made by the ecliptic with the meridian, and 
the arc, IS, COmpries between the meridian and 


horizon. ; 
We ſhall now ſubjoin a Problem whoſe ſolution 


depends only upon a common right-angled ſphe- 
rical triangle, though Mr. Maupertuis hath for 
that end made uſe of the differential {Huxional) 


calculation. ID 
'Px ROBLEM VII. 
3 IO. 7 be dechuation of a far, and the latitude ap a 


place being given; it is required to find, 1%, the o- 
ment when this ſtar appears to aſcend or deſcend ber- 


0 | pendicularly to the horizon; 2%, the altitude of the 
tar in à vertical; and 30, the angle which the i ver- 
— tical makes with the meridian. = N 


SOLUTION. 


With a very little attention to "7 nature of the 


Problem it will appear, that the ſtar cannot poſ- 


ſibly aſcend or deſcend perpendicular ly to the ho- 


rizon, unleſs the parallel, which it deſcribes, can 
be ſuppoſed to have ſome vertical touching it; 
and that the ſtar will be found in the point of 

contact of the ſaid parallel and vertical; yet that 


this thing can only prevail twice in a revolution 


of 24 hours. Moreover, it is eaſy to perceive, 
that no parallel can have any vertical to touch it, 
except its diſtance from the equator be greater than 
the latitude of the place; for provided it be leſs 
than, and on the ſame fide of the equator with, 
the given latitude, it is very obvious that, in this 
| caſe, all verticals whatever will cut it. This be- 


ing premiſed, let 287 be A vertical touching the 


Par rallel 


We might like- 


—— „ . 


PS 
3 — IF pers * 

. — . > 

— — — — — — — 


* rs a r 
— . EET EEE EEE, 
— — a 
— — — ama my 
r * N — 
2 * —— - . 


— OE oe ⏑§— ee CO IO I nan 2 


— 8 ——— ——————— CRISIS PIT "BOY 
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parallel GSM at the point S, the ſuppoſed place 


of a ſtar, whoſe declination hath for its comple- 
ment the arc PS: then, on account of the point 


of contact of this vertical and parallel, it is mani- 
feſt that, the arc PS is the leait that can be drawn 
from the point P to the vertical ZST : conſe- 


_ quently, the triangle PSZ will be right-angled at 
S8, and we ſhall know therein (belide the right 
angle) the ſide PS = the complement of the ſtar's. 
declination, and the fide PZ. = the complement of 
3 latitude: whence, if the difference between 


the right aſcenſion of the ſun and ſtar be known, 


the hour-angle ZPS will give the inſtant when this 


ſtar appears to aſcend perpendicularly to the ho- 


rizon; whilſt the fide ZS will give the comple- 
ment of 1ts altitude, and the angle PZS the poſi- 
tion of the vertical required with reſpect to the 
_ meridian, 
the place; D for the declination of the ſtar ; H' for | 
its altitude above the horizon, when it appears to 
aſcend vertically ; H for the hour-angle ZPS, and 

V for the angle made by the vertical and mori.” 
dian; the formule for right-angled triangles wil! 


If then L be put for the latitude of 


5 cot. DXR, | H = e EN 
give; 60 II e 
"a „An. n. V - 7 5 applications to 


the Logarithms will be ſufficiently ey. without 
examples. 


PROBLEM VIII. 
311. Given the latitude of a place, and the ſur's 


dieclinalion; to find the time of his ring and Selling. 


$01 UT 10 N: | 
Suppoling the declination 180 30 8 


and the latitude 489 517; it is manifeſt that, in 
the right - angled triangle PSR, there will be given 
PR equal o the latitude, and | PSY the comple- 


ment 


3 I üä—2 —— 7. 
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ment of the declination ; and therefore for the 
angle RPS (the thing required ) we ſhall have, cif. 


| — tang. PR.X . 
| RPS = = tang. PS © 


LOGARITHMICALLY. 
10.058541 = log. rang. PR = 48? 84:0: 
_9-524520 = arith. comp. log. tang. 71 30 O. 

9.583061 = log. cof. RPS $695 29": 17 
Nov, in order to know what hour of the mora- 
ing this value of RPS correſponds to, we mutt 
have recourſe to the annexed I able; and we ſhall 


readily find, that 


— 43 5 ho: wr. 

1 0 | - * „* 7 
e, eee clination is. 189 307 nor- 
I 15 6 | 1 #:nwue. | 1 2 ] | Hole 

For 1 $8. 4 ſeconds. Lnerly, at a Place e 
= | 15 8 1 ſecond, | latitude is 489 51 „ the 
5 2 4 thirds. | ſun riſes 29 minutes 57 ſe 
415 1 third. J 


conds after 4 0 clock. 
8 Q II O LI U „ 


312. If the amplitude was known inſtes 4 of the 
latitude, the- angle RPS would be obtained by 
this proportion; As the coſine of the declination is 1 0 
the fine total, ſo is the caſine of the amplitude to ih 
fine of the hour- angle, RPS: and contrarily, if the 
ime of ſun- riſe or fun-ſet was given, the ortive or 
occaſive amplitude would be found by ſay ing; As 
the fine total is to the coſine of the declination, jo is tbe 
fine of the hour. angle to the coſine of the amplitude. 
We may likewiſe perceive that, if the ſun's. 
declination and time of his riſing were given, the 


_ latitude of the place would be caſily found; ſince, 


in the right- angled triangle SPR, we thoald know 
We might alfo 
find the ſun's. declination from the hour of his 
Moreover, this ſolu- 
Hon may be apphed to the riſing or ſetting of a. 


the hypothenuſe and angle P. 


riſing and the latitude. 


D * planet 


} on the day when the de- 


Fig. 35. | 

TT. tion 189 30“ northerly, and his altitude 529 25': 
then in the triangle PZS we ſhall know the three 

| fides, in order to find the angle ZPS : which will 
be caſily done by the formulæ (art. 166), An. in. 


1 2 fin. 3 X fin 2 — wherein s denotes the 
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planet or ſtar, provided we know its declination 


and right aſcenſion : for, if the ſun's right aſcen- 


fion be found for the ſame day by means of his 


declination, the difference between it and that. of 
the ſtar reduced into hours, minutes and ſeconds, 
by the foregoing 1 able, will give the time that the 
ſtar riſes before, or after, the ſun: by which means 


we ſhall be able to know at what time of the year 
a ſtar can be ſeen or not ſeen. 


PROBLEM FX: 


. 3 [ 3. Oven the latitude of a place the fur? one 
clination, and bis allttude 3 to © gd i. hour f the : | 
„ dey. 


0 0 D'S U T 1 0 N. 
Let the latitude be 480 51"; the ſun's declina- 


ſin. b X ſin. c 


kim of the three ſides, and, b, c, the ſides adjacent 
to the angle required. 
- e 5 


We may alſo 
make uſe of this Problem in order to find the 
ſun's horizontal refraction: for, ſuppoſing the true, 
and alſo apparent, time of his riſing to be known, 
if we take their difference, and reduce it into 
parts of the equator; then calculate the fide ZS, 

and take go? therefrom, the remainder will ew 


the quantity of his elevation occaſioned by re- 
fraction. 1 


Sce che e 8 


1 


9 \ 746247 = _ beg. fi = — 1 83. 
8 703787 = le. fin. — — 39 32 
0.023043 = arith comp. log. in. 71 30. 

2.18175 = ar: Ul _ Comp. tog 2 — 9 


18, 740830 


9.37841 == by. fm. 1 P = 139 34 14 „ P 27 80285 


the time correſponding to which? is 10 hours 11 


minutes 26 ſeconds and 8 thirds of the morning, 
if the angle Z PS be to the eaſt of the meridian; 
or 48 minutes 33 ſeconds and 32 thirds after I in 


the e if it be to the welt. 


SCHOLIUM. 


314. This Problem points out to us an eaſy 7 
method of finding the duration of twilight, For, 
if we conceive the ſun to be depreſſed 189 below 


the horizon (as the crepuſcular circle is uſually 


ſuppoſed to be), the arc ZS will be 108“: then if : 
we calculate (as in the preſent Problem) the hour- 


angle ZPS, and afterwards ſubtract it from 1809, 


the des reduced into parts of time, will 


give the beginning of twilight, or break * day. 


If it is the end of twilight which we would find, 
the angle ZPS itſelf muſt be reduced into PRINT ; 


of time. 


OBSERVATION: 


In the performance of this Problem, we muſt 
take care to correct the ſun's altitude by refrac- 
tion and parallax (if mera). — Tables of theſe 
D dz : cor- 


by * 2 AT WAR 4 rr 
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corrections may be met with in moſt Treatiſes of 
Aitr * 


Nn 


315. Civen the latitude of a place, with the ſun's 


declination and altitude; to Ind the angle that the 


_ vertical, on which rhe fon ts, males with the me- 


ridian. 
„ L U T- 1 ON. 
From the data it is manifeſt that, in the triangle 


Ps the three ſides will be known, in order to 
find the angle PZ S. Now this may be obtained 
by the method given in the laſt Problem; and 
therefore, if the parts given be ſuppoſed to have 
the fame value in this that they had in that, the 
OS operation will ſtand thus : 


39% 531-1. 9-746248 = le. for FT 


Hs 37% 37 = Linc 9.785597 = log. fin. 1 e. e 
1 8. 181753 = arith, comp. log. An. 41 9. ; 
©. 0.210977 = arith. N . m_ 35* 25, 5 


Re 979975 
9-9 64987 — bog. YR 252867 18/30 


- . PZS = 134 '26' 67; and conſequently, 
the angle that the vertical, on which the fun is, 
| makes with the meridian 459 2 3.54 


SCHOLIUM. 


316. From this operation it will be eaſy to find 
the four cardinal points : fince, if with a line, re- 


| preſenting the vertical on which the ſun is, an 


angle be made equal to that above found, the me- 
ridian will be obtained. Now this method, 


_ vided we take care to correct the ſun's eine 2 5 
refraction, will be found very commodious for de- 
termining the meridian, as the changes in declina- 
tion which prevail in correſponding altitudes are 
here by 
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| hereby entirely avoided. Ir ſerves likewiſe to de- 
termine the variation of the compats. 


PROBLEM XI. 


17. Given the latitude ſun's declination, and hour 


of the day; to find the angle that the vertical, on which 
#he ſun then is, makes with the meridian. 


SOLUTION. 


"Here i it is manifeſt that, in the ſpherical triangle 
PZ the two ſides, PZ, PS, with their included 
angle, ZPS, are known. Now let us ſuppoſe the 

declination to be 18“ 30“, and that the ſun was 

on the vertical, whoſe poſition is required, at 11 
minutes 26 ſeconds paſt 10: then, by the Table 
given in Prob. VIII, the hour-angle correſpond- 

ing to this time will be 27% | 8 3005 ; the arc PS will 

: be {till 719 30, and PZ 41% g. This being pre- 

miſed, in order to find the angle PZS, let fall the 


arc SR perpendicularly upon the ſide PZ from the 


dall laſtly have, Jang. PZS = 


vertex of the (third) angle S (as required in Table 
II. for the reſolution of oblique-angled ſpherical 
_ triangles), and we ſhall in the firlt place get, for 


the part there called I. ſeg. fag; P R = =_ 
. LPS & tang. PS. 


LOGARITHMICAL LT 
9.949332 = log. cof. 275 8” go”. 
10. 475480 = lag. tang. 71? 30 o . 

10. 4248 12 — log. tang. 699 23. 37 = hs PR T 1 
then the ſecond ſegment, RZ, will be 2814275 
and therefore, by means of the ſame Table, we 

| . ZPS Vu. PR 
| fin. RZ. 7 | ere 
: 459 23 5 3.5 — See the Logarithmical operation. 


9.7098 ; 


10 —— 4a 


| g-709815 = hy.rang. ZPS 
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„ 87 300. 


9.971285 = log. fin. PR = 60 23 7. 5 


0. 324936 = arlib. comp. log. fins 289 1. 37“. 
10. 9 8 = _ * tang. PLS 


SCHOLIUM. 


318. This Problem may ſerve for finding the 
_ declination of any vertical plane. 
wiſe apply it in order to determine the poſition of 
an avenue or well-built ſtreet, by obſerving the 


moment when the ſun's ſhadow paſſes by the bot- 


tom of the trees or walls thereof. 
if the ſan's altitude above the horizon be likewiſe 
| known at the given time, the preceding calcula- f | 
tion will be rendered conſiderably more ſimple, and 
reduced to this analogy ; As the coſine of the ſun's 
allitude is to the ſine of the hour-angle, ſo is the coſine | 
F the declination to the 7 ne of "ou Ow made * the 


1 vertical and meridian. 


PROBLEM XII. 


1 31 19. Given the hour of the day, with the fur's 7 1 
dlination and altitude; to find the latitude Ls the Place. 


SD UT EO-N, 


In this Problem, it is manifeſt that, the ſide pS 
= the complement of the ſun's declination; the 5 : 
fide ZS = the complement of his altitude, and the 
angle P, are given, to find the ſide. ZP. Now | 
Jer us ſuppoſe, as in the preceding Problems, that 
the ſun's declination is 189 30/; that his altitude * 


18 5 355 and conſequently the arc 28 = 37 


25073 as alſo that the time is 11 minutes 26 ſeconds {| 
paſt 10, and of courſe the angle P = 27% 8 30": | 
then, letting fall the perpendicular SR from the 
angle S, PR will, in the firſt place. be determined 
by the formula, in the prin Table for oblique- 

angled triangles, tang. I. ſeg. = cof. giv. ang. X tang. 


SF: 
O 3 


of 1 its * 1 de; in the next Place, we ſhall have, 


= 45* 23' 53 er 134% 36 7” 


We may like- _ 


Moreover, 


of. = 


duced. 
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co. II. ſeg. = coſ RZ = L xfm S-; 


fin. 189 go! 

25 from whence the value of the fide PZ — the com- 
plement of the latitude will be immediately de- 
See the operation at length. 

. 9.949332 = bog: co/; 27" 8, 30. 

10. 475480 = log. tang. 719 30“ oO. 
10. 0.424812 = bog. tang. 09? 23 37 R. 
9.546475 15 %“ ſ.t = = = 69 237 


5 e 
| 0.499524 = arith. comp. log. ſin. 18? go' ol. 


9.944950 = log. cf. K Z = 28% 14 37” 

Z then, ſubtracting the ſecond ſegment — 280 14 
37” from the firſt = 69 23 37", we ſhall get 
419 9 for the complement of the latitude; and 
conſequently, 48? g1' for the latitude itfelf, 


PROBLEM = 
5 320. Given the ſun's declination; his altitude, and 
35 the azimuth, or angle made with the meridian by the 


vertical on which the fun is found at the moment of 


8 obſervation ; to determine the latitude of the place. . 


ee ON. 
It! 18 evident that, in the triangle p28 the ſides, 


- Ps, 28, with the angle PZS oppoſite to the fide : 
PS, are given: therefore, in order to obtain the 


| 5 fide PZ, we mult (according to the Table for ob- 


lique angled ſpherical triangles) let fall from the 
vertex of the angle S an arc, SR, perpendicularly 


upon the unknown ſide; and we ſhall get; 1“ * 


, RZ off Ps, 


PLS X 28 
lang. RE * == bi 4. "" =: 8 and 29, cop. PR = =. 


AL. the values whereof, ſuppoling the 


ſun's ae to be 189 304, his altitude above 


the horizon 522? 357, and the angle, PZS, made 


by the vertical with the meridian 124% 36 7“ „ 


will be obtained Lagariihmicalh > as follows : 2 
| 1 * 


fiche PS, the complement of the declination required. 
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- 9.846448 = log. 60% 1345 36 A 
9. 883672 = log. tang. 37? of 
9.730120 = log. tang. 287 14: g7 += = RZ. 


2% 9-944948 = hg Be. =>" > 7 285 14? 37” 

"9. $01470 = Tops fire „ 00. 
0.100049 = arith. comp. log. fm. 5 25 35 0”. 
9.546473 = leg, ceſ RP = 69e 27 370 


then, ſubtracting 280 14' 3 37 from 699 27 37” 
we {hall find the ſide Z the complement of 
the latitude to be 419 9 3 whence the Iatitude 1 It: 
| ſelf is "M9 7 FR 5 
VVV 911 
321. From what hath been ſaid it may be readily 
collected, that if any three of theſe fix things, the = 
latitude, the ſun's altitude, his declination, the 
hour-angle, azimuth and angle at the fun, be given 5 
at pleaſure, the other three will neceſſarily become 

known by the rules of Trigonometry : for which | 
: reaſon we hope to be excuſed for not particula- | 


rizing all the different caſes chat True from their 
_ combinations. =» 


Des Ek XIV. 


Sh) 322. The longitude and latitude of a far being give l 
08570 o find its declination. - 


$OLUTION. 


Suppoſe he longitude of the ſtar to 15 198 0. 27 i 
and its latitude 319 2 northerly : then, it is evi- 
dent that, in the triangle PKS, we know the fide 
FK to the obliquity of the ecliptic = 2328 
30 ; the fide KS equal to the complement of the 
latitude — 589 58, and the angle PKS = to the} 
_ longitude of the ſtar leſs 90, in order to find the | 


Nou to do this, let fall (as the general Table for 
_ oblique-angled triangles requires) from one of the 

Annen angles, S, a Perpendicular arc, SR, upon 
the 
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he oppoſite ſide, PK (which will fall without the 


angle S, becauſe the angle PRS is obtuſe, and give 
the arc KR for the part deroted by jeg: 1. and PR 


+ KR or PR for . II.), fo will; 1, feng. KR 


1 Wet 2 5 and 295 2 PS or fn, DS = 


K x c. PR 


KR — 8 the Logar itmical operation, : 


40 9. 500342 = log. ceſ. PKS = 1082 27 01 
5 8220654 = = log. tang. KS = 58? 585 0: | 
| * 720990 = beg. OY % n 
. R= 51 13111 

. 912260 = = Ho. 206 KS $I 
9.796804 = = c PR. | 

- 0.054042 = arith. comp. his. co/. KR. 

| 9. 89 88 = bg, fin. 21 26 58” ps = Adler. required, 

PROBLEM: NV. 


323. Suppoſe mmg the ſame things given as in the pre. te 
ceding Problem; it is required to find the ric lt efcen- 
f n tbe ſame ſtar, as alſo the angle inade ty 4 meri- 


= tan end tbe circle of longitude paſſing Lhrous 0 this Her ar. 


SOLUTION. 
8 rom hs data it will be no difficult matter to 
perceive, that in the triangle PRS two ſides and their 
3 angle are ſtill known; and likewiſe that 


the ſtar's right · aſcenũon will be determined by ſub- 1 


tracting the angle KPS from 270%. Now, in or- 


der to obtain the value of this angle, together with 


that of the angle at the ſtar at the ſame time, it 
will be neceſſary to make uſe of ſome of the ana- 


logies of Neper ; and thoſe that appear to conduce 
to this end will be found by T 46. III. to de the 


two following: 


1, As the fi ine of balf the 2 of the ſides, PK os 


KS, is to that of balf their difference, ſo is the cotan- 
gent of half their included angle, PKS, lo the tangent 
of half the difference of the angles above the bafe ; and 


29, as the coſine of half the ſum of theſe ſides is to the. 
fo ne Ls half their di ference, fo is the cotangeut of half 
B£ 


their 


—— „ ——_— —— — —— - 


— 2 
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their included angle to the tangent of half the ſum of 
the angles above the baſe. Here follows the Lo- 
garithmical operation : J 

v3? 88 KRS. $8? 58” ©&'> 

29” 28" 30 = TK..." 24* 88” 40" 

82* 26 30. Kg + pk 35 29 30. we pp 

CC — — 

108 27 O = PKS. Ss hs 


'9.484008=leg. fin. 15 4445 49.978827=log. cf. 17 4445," 
9.8576 leg. tang. 35 46 30“. 9. 857670 S log. tan. 35 46 300. 
o. 181139 π＋f. c. I. fin. 41 13150. 123682. c. l. cg. 4113150 
9.522817 ag. tang. 18925 56%. 9. 9 e log. tan. 42 223607: 


1 then, as half the ſum of the angles at P and S is 


429 22 26”, and half their difference 189 25' 56", 


the angle KPS will be 6048“ 32“, and of courſe 


the ſtar's right aſcenſion 2099 11' 28”; and the 
ͤõĩ˙v' ! 
324. The right aſcenſions and declinations of 
the ſtars, as likewiſe their longitudes and latitudes, 
are of exceeding great and frequent uſe in Aſtro- 


nomy. By their means the reſpective poſitions and 


ſituations of the ſtars are aſcertained and deter- 

mined, and from thence ſuch catalogues thereof 

formed and deduced, as are neceſſary for comparing 
the motions of the Planets, as well as of the Comets 
that may at different times be obſerved to appear. 
However, the preference is uſually given to the 
longitudes and latitudes; becauſe, it hath been for 
dA long time believed that theſe elements undergo 
no change, particularly, if care be taken to reckon 

the longitudes from ſome fixed ſtar; whilſt the pre- 
cedſſion of the equinoxes occaſions a conſiderable. 
change in the right aſcenſions and declinations. 

But abating all conſiderations of this nature, it is 

_ eaſy to perceive that, the ſeveral elements of the 

Theory of the ſtars may be deduced from (ne hy 

* . Tm” "other: 
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other, by a very great variety of combinations ; to 
particularize which in this place would be foreign 

to our deſign. The right aſcenſions and declina- 
tions of the ſtars may be uſed, as well as thoſe of 
the ſun, to determine the latitudes of places on the 
earth: from thence their ortive or occaſive ampli- 
tudes may be deduced, and of conſequence thoſe 
of ſuch ſtars as may have the ſame poſitions in the 
ſphere: from thence it may be found, what ſtars 
never ſet in a given latitude; likewiſe, by their 
means it may be known, how long a ſtar tranſits 
the meridian before, or after, the ſun ; and of con- 
| ſequence when the heliacal riſing or ſetting of a 
| ſtar commences, that is, at what time of the year 
the ſun's rays render it viſible or inviſible. The 
moſt ſimple methods, that have been adopted for 
determining the poſitions of the ſtars, conſiſt in 
_ obſerving their meridian altitudes and the inſtant | 
of their tranſiting the meridian, as by that means 
their right aſcenſions and declinations are immedi- 
| ately obtained; and from thence their longitudes 
and latitudes, by the converſe of the two Problems L 
laſt ſolved. 
PROBLEM XVI. 


32 5. Civen the ſun's place in the ecliptic the hour 
of the day or night, and the latitude of the place; alſo 
the altitude of a ſtar, and the angle which the vertical, on 
which it is obſerved, makes with the meridian ;, to deter- 
mine the declination of this ſtar, and its right aſcenſi on. 
SOLUTION. 


Let us ſuppoſe 1 the ſun's place to be 18 24 of 
Taurus ; the time 20 minutes paſt g in the evening. 

and the latitude of the place 48® 51'; alſo the al- 
titude of the ſtar, in the vertical circle on which 
it is obſerved, to be 43? 15, and the azimuth 47 
24 from the ſouth : then, it is manifeſt that, in 
the triangle PZS, we ſhall know the two ſides, Fiz. 35s 
wy Ss ww their wr angle, to find the bs 

8 * 


N E ² ͤ! ⅛ ⁵!! ww — w ö ẽ-ww —Ur I. 
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DS which repreſents the declination of the ſtas, 
and the diftance of the point D from the firit point 
of Aries. Now, to obtain the declination (which 


will be done by means of the fide PS), let fall 
from the vertex of the angle S a perpendicular 


arc, SR, upon the ſide PZ, and the Table for 


oblique: angled triangles will give theſe two for- 
mulæ; 1“, ang. RZ = = of. PLS X tang. ZS, and 


60% £5 X coſe. R PR 


5 „, coſ. PS or ſin. DS = = ; whoſe va- 


"2 nn 
lues will be found Legarithmically, as follows : 


9. 830509 log. c. PES. J 9. 835 807 ag. cc/. ZS. 
10. ED 


lag. tang. 8s. 9.593900 = leg. cg. PR. 
95 5p: ang. a2 35e 44 441 O. 000598 Sar. comp. bog. coſe RL. 


| 9. 520305 =log fin. 19 ?21'5*=DS.. 
The ſtar's declination being thus diſcovered to 
be equal 19721 5% the next thing to be done is 
to find its right aſcenſion. In order to which, we 
muſt in the firſt place determine the hour- angle 
Zs by the common analogy between the nes of 
Hides and thoſe of their oppoſite angles, which 


An. PZS & fin. LS 


gives, fin. ZPS = 3 5 79 RE in. 34 37 1 


435 as the ſubſequent operation will evince; 
9.8669 35 S leg. fin. EES S 132% 36“ 
9.852353 log. V 450 0. 
0.025257 = arith, comp. log. Mt. 797 3855 
9.754545 log. fin. AES = 34 37 43 


then adding this angle, the ſun's diſtance FRO the | 


meridian = 140 (found by reducing the given 


time 9 hours 20 minutes into parts of. the equator), 


and. his. right aſcenſ ſion = 45? 55 895 (ort. 302), 


into one fon, we ſhall get 22029 33“ 41“ for the 
If we would know _ 


Rtai*s right aſcenſion fought.- 


the time of the itar's paſſing 01 over the meridian, we 
need only reduce 34 37 43” into parts of time, 
add the reſult, 2 hours 18 minutes 31 ſeconds, to 9 
hours 20 minutes, and we ſhall find 11 hours 38 mi- 
nutes 31 ſeconds! in the evening for the time required. 

\ 8 PR 0- 


— 
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TG ONODME TRY 1. 
PROBLEM XVII. „ 
326. The right aſcenſions and declinations of teu 
fixed ſtars, obſerved on the ſame vertical given in poj- 
lion, together with their diſtance or the arc of this ver- 
tical contained between them, being known ; it is required 
to determine the latitude of the place of o}ſervation. 


$0 LUTON; 


Fed the data it will manifeſtly appear, that the 
three fides of the triangle PSs are given, as well as Fig. 57. 
the angle at P; ſince the arcs, PS, Ps, are the com- 
plements of the declinations of the two ſtars (known 
by the hypotheſis) ; Ss their diſtance on the ver- 
tical given in poſition, and the angle SPs the mea- 
ſüure of the difference of their right aſcenſions : 
” wherefore, we ſhall have, /n. Ss 2 In. SP : in. P 


: fin. PSZ'= — e =, By this means two 


angles, and a fide oppoſite to one of them, will be 
3 actually known in the triangle PZ S, viz. the azi- 1 | 
mut or angle PZS; the angle PSZ. and the ide 8 = | 


. d — — —— — 


PS: whence we ſhall have, /n. PI. 8 n, PSL 5:2: 
= in. PS: fin. PL, or, by ſubſtituting for /n. P87 : 
its preceding value and taking away the fraction, | 
An. PI x fmSs : In. SPY. fin S Eis : : fn. PS: fin PL. . 
No, in order to apply this ſolution to a particu- | „ 

lar example, ſuppoſe the diſtance Ss to be 28 ; . AM 
the right © aſcenſion of S=789 24', and its des Mas- | Io 
tion 279 25 the right aſcenſion of 5=104® 52 eh Bo | 
And its declination=129 18'; and laſtly the . Wi 
muth AZK =739 36“ then will the angle SPs be Wi 
= 20” 20 ; the arc PS. 62 35, and the arc Ps » 1M 
=779 42'. This being premiſed, the value of PA * 
will be cafily obtained, ae , as follows: 
| 9948257 = I. Un. - 62? „ 35) % =PS. 


9.989915 = log. fin. - = - = = 779 42" o, = Ps. [ 
9.640020 = log. in -- 65 23” 0 =: SPs. | 


__ ©.018039 = arith. comp. log. fin. 730 36/ o” =PZS. 
6.321337 = arith. comp. log. fin. 289 30 O = Ss. 


9. e = fin, d 5 87 N l. 
3 327 
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327. It i is very evident, that the hour- angle ZPS 
may be alſo found; and therefore, if the ſun's place 


and his right aſcenſion be known, the difference 
between it and that of the ſtar, 8, will become 


known: then, if from this difference the are A)? 
be taken, the remainder will give the arc of the |} 
equator contained betwixt the meridian of the |} 

place, and that paſſing through the ſun; from 
_ whence the moment of obſervation will be eaſily 


_ deduced. -It is no leſs evident, that we may 


likewiſe find, by purſuing the calculation, the alti- 
| rude of each of the ſtars at the inſtant of obſervation. : 


 Corortary WM. 


328. If, inſtead of the azimuth of the two ſtars, 
the altitude of one of them was given, it will be 


readily perceived that, by a calculation nearly ſimi- 
lar, the elevation of the pole might be obtained: 


for we ſhould {till know the three ſides of the tri 
angle PSs with the angle P, and thence the angle 
PS contained between che umn te PS, 28, 


of the triangle, PSZ. 
. Con ol LART III. 


. 329. If beſides the declinations and cache aſcen- 
fions of the ſtars obſerved on the ſame vertical, the 


hour- angle ZPS was given, we ſhould again be 
able to obtain the latitude of the place; fince, in 

the triangle PSZ, we ſhould then have the angles, 

25S, ZSP, above the ſide SP, known by Tippo- 


frion. 
'Conoitanr IV. 


330. Laſtly, if the diſtance and 8 of 
= the ſtars, together with the altitude of one of them, 
were given, every thing beſides might be found as 


in the Problem itſelf. And hence we may per- 


ceive, how uſeful a thing it is to be furniſhed with 
accurate Tables of the declinations, right _ 
fions, 


tu 
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ſions, diſtances, longitudes and latitudes, of the 
ſtars, as from thence the latitudes of places may 
be found with the greateſt imaginable facility; 
nay, even without the neceſſity of uſing any large 
inſtruments, a plumb-line being ſufficient for ob- 
ſerving whether two ſtars be ſituate on the fame | 0 
vertical or not. 1 1 | 
PROBLEM XVIII. 1255 8 
a 3 1. Given the longitudes and latitudes of two places 
upon i be terreſtrial globe; to find their itinerary diſtance, | 
or (which is the firs) the arc 4 the great circle cok 1 
tained between „ Z Toe, 4 
1 80 L UT 1 0 N. | 
Let the points, S, 5, denote the propoſed places: : 
then, it is manifeſt that, in the triangle SPs we ſhall 
| know the two ſides, SP, SP, the complements of Fs. 9 5 
their latitudes, together with the angle P = the „ 
difference of their longitudes ; whence the fide Ss — Il 
woill be found by the third caſe of the Table for 
boblique-angled ſpherical triangles ; after which we 
need only reduce the reſulting number of degrees, 
minutes and ſeconds, into leagues, by reckoning 25 
10 degree, and the thing required will be effected. 


PROBLEM XIX. 


” 32. - Ginn the latitudes and diſtance of two ties, - 
2 to find their difference in longitude. _ —— bo 
SOLUTION: _ 
The firſt thing to be done, in this Problem, is 
to reduce the given diſtance into degrees, minutes 
1 and ſeconds, of a great circle: then we ſhall have 
a ſpherical triangle, S PS, whereof the three fides 
will be known; from whence the angle P will be 
_ eaſily found, which is the meaſure of the difference 
- I longitude . 
5 COROLLARY. = 
8 333. Hence, if the poſition of one of the two 


Cities be determined, that of the other will be de- 
OS. termined N 
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termined: likewiſe : and with ſo much the greater 


exactneſs, as the given diſtance ſhall be meaſured | 
or given with the greater. preciſion, And contra- 


rily, if the difference of the longitudes and the 


diſtance of two Cities be given, together with the 
latitude of one of them, the latitude of the other 

| City will be alſo had: but we ſeldom make uſe of 
this method, hecauſe there is an infinite variety of 


better methods for finding the latitude, as we may 


be readily convinced from what hath been Pre- 


vaulx laid, 1 Ok 
. H 0 15 1 U M. 


334. The preceding Problems, containing nearly 
all the caſes of right or oblique- angled ſpherical 
triangles, are ſufficient for pointing out the man- 

ner of obtaining the Numerical ſolutions of the dif- 
ferent Problems of I rigonometry, by means of 

the formulæ demonſtrated in the foregoing Chap- 

ters. In this Chapter we had nothing farther in 
view, than the application of a few pertinent exam 
ples to the Logarithms ; for which reaſon we have 


omitted taking notice of the different modifications 


whereof. the things given might be ſuſceptible, 
with reſpect to parallax, refraction, the aberration _ 
of light, or nutation of the earth's axis. Theſe 


Theories can, properly ſpeaking, belong only to a 


complete Treatiſe of Aſtronomy: and therefore, 
we flatter ourſelves that it will be deemed enough 
for us to have laid down methods in this Work of 
 folving the ſeveral trigonometrical caſes, that may 
chance to occur in the ſtudy of this ſcience; the 
difficulties whereof will riſe in proportion to that 
rigor and exactnefs, wherewith we may be deſirous 
of calculating the various e therein « con- 
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